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Abstract. Let Mi and M2 be orientable irreducible 3-manifolds with con- 
C ' nected boundary and suppose dM\ = dMi- Let M be a closed 3-manifold 

3 _ obtained by gluing Mi to M2 along the boundary. We show that if the glu- 

ing homcomorphism is sufficiently complicated, then M is not homeomorphic 
\y\ to S and all small-genus Heegaard splittings of M are standard in a certain 

sense. In particular, g(M) = g(M\) + g(M2) — g(dMi), where g(M) denotes 
the Heegaard genus of M. This theorem is also true for certain manifolds with 
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multiple boundary components. 
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One of the most useful ways of constructing a new 3-manifold is to glue two 
S^ 1 given 3-manifolds with boundary via a homeomorphism between their boundary 

!-h ' surfaces. This construction is called amalgamation. Dehn filling and Heegaard 

splitting can be viewed as examples of such a construction. In this paper, we study 
Heegaard splittings of 3-manifolds obtained by amalgamation. Like Dehn filling, 
the 3-manifold obtained by amalgamation depends on the gluing homeomorphism. 
We will show that if the gluing homeomorphism is sufficiently complicated, then 
the small-genus Heegaard splittings of the resulting 3-manifold are standard. 

The complexity of the gluing homeomorphism is defined using the curve complex. 
The curve complex of F, introduced by Harvey [6], is defined as follows. Let F be a 
closed orientable connected surface. The curve complex of F is the complex whose 
vertices are the isotopy classes of essential simple closed curves in F. If the genus 
of F is at least 2, then k + 1 vertices in the curve complex determine a A-simplex if 
they are represented by pairwise disjoint curves. If F is a torus, then k + 1 vertices 
determine a fc-simplex if they are represented by curves that pairwise meet exactly 



Partially supported by an NSF grant. 



2 TAO LI 

once. Clearly the curve complex of the torus is the same as the Farey graph. We 
denote the curve complex of F by C(F). For any two vertices in C(F), the distance 
d(x,y) is the minimal number of 1-simplices in a simplicial path jointing x to y. 
To simplify notation, unless necessary, we do not distinguish a vertex in C(F) from 
a simple closed curve in F representing this vertex. 

Let Mi and Mi be orientable irreducible 3-manifolds with boundary. Let Fi 
be a boundary component of Mj (i = 1,2). In this paper, we suppose Mi is not 
a product Fi X I and dMi — Fi (if not empty) is incompressible in Mi. Suppose 
Fi = F2 = F. We can glue Mi to Mi via a homeomorphism cf> : i*i — J> F2 and 
obtain an orientable 3-manifold M = Mi U^ Mi. We may view Mi and Mi as 
submanifolds of M and Z* 1 = Mi n Mi as a closed non-peripheral surface embedded 
inM. 

Definition 1.1. Let Mi, M 2 , M and F be as above. If F is compressible in Mj, 
the rfzsfc complex of Mj is the set of vertices in C(.F) represented by curves bounding 
compressing disks in Mj. If Mj is a twisted /-bundle over a closed non-orientable 
surface, the annulus complex of Mi is the set of vertices in C{F) represented by 
boundary curves of vertical annuli in Mj. If Mi has incompressible boundary and 
Mi is not a twisted /-bundle over a closed non-orientable surface, we fix a properly 
embedded essential surface Hi in Mj with dH,i P\ F j^ $ and suppose the Euler 
characteristic x(^i) i s maximal among all such essential surfaces. We define Ui to 
be the set of vertices in C(F) as follows, 

{the disk complex of Mj , if F is compressible in M, 

the annulus complex of Mi , if Mi is a twisted /-bundle 

vertices represented by components of dfli fl F, otherwise. 

We define the distance of the amalgamation to be d(M) = d{Ui,Ui) in the curve 
complex C(F). 

Note that the surface fij in Definition 11.11 is not unique, but we will show in 
section [3J that, if Mj has incompressible boundary and is not an /-bundle, then 
the diameter of the set of vertices in C(F) represented by boundary curves of such 
essential surfaces is bounded. Thus any different choice of J7j only changes d(M) by 
an explicit small number. If both Mi and Mi are handlebodies or more generally 
if F is compressible in both Mi and Mi, then d(M) is the same as the Hempel dis- 
tance, see [6l[26j. Schleimer informed the author that, similar to the disk complex, 
the annulus complex of a twisted /-bundle is also quasi-convex in C(F). So d(M) is 
arbitrarily large if the gluing map is a sufficiently high power of a pseudo-Anosov 
map. Like the Hempel distance, d(M) also provides a natural complexity measure 
for a one-sided Heegaard splitting, i.e., a decomposition of M into a handlebody 
and a twisted /-bundle. 

If one prefers, the following is a roughly equivalent way of defining d(M) which 
does not involve a choice of Hi . Let fcj be the maximal Euler characteristic of essen- 
tial orientable surfaces properly embedded in Mj and with at least one boundary 
component in F (we consider compressing disks as essential surfaces). Let Ui be 
the set of vertices in C(F) represented by boundary curves of such essential surfaces 
whose Euler characteristic is ki. Then one can define d(M) = d(Ui,Ui). If fc, = 1, 
then Ui is the disk complex of Mj . If Mj has incompressible boundary and is not 
a twisted /-bundle, then by section [31 the diameter of Ui is bounded by a number 
depending only on fej. 
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Theorem 1.2. Let M = Mi Uf M 2 be as above. Then there is a number K 
depending on M\ and M 2 such that if d(M) > K then 

(1) M is irreducible and d- irreducible, and 

(2) M is not homeomorphic to S 3 . 

Similar to Dehn surgery, one can perform a surgery on a graph in S 3 . An 
immediate corollary of Theorem 11.21 is that given a graph L in S 3 , if one performs 
a complicated surgery on T, i.e., gluing back a handlebody to S 3 — N(T) via a 
high-distance map, then the resulting closed 3-manifold is irreducible and cannot 
beS* 3 . 

Definition 1.3. Let N be a compression body and F a closed separating surface 
properly embedded in N. F cuts N into two submanifolds Ni and N 2 and we 
may view F as a boundary component of each Ni. Suppose F is not a 2-sphere 
and d+N C dN\. We say F is a middle surface in N if both N% and N 2 are 
compression bodies, d+N = d+Ni, d-N 2 C d-N and F = d+N 2 C <9_iVi. Note 
that if one views a compression body as a manifold obtained by adding 2-handles 
and 3-handles to d+N x I on the same side, then a middle surface is a middle level 
of this process. In particular, one can find a handle structure of N such that N\ is a 
compression body obtained by adding a subset of the 2- and 3-handles to d+N x I, 
and after adding the remaining 2- and 3-handles along F, we obtain the whole of 
N. Note that unless F is parallel to a component of d-N, F is incompressible in 
Ni but compressible in N 2 . 

Next we consider the untelescoping of a Heegaard splitting, see [2H [23]. Let 
AI = V Us W be an irreducible Heegaard splitting. We may view the compres- 
sion body V as the manifold obtained by attaching 1-handles to either a product 
neighborhood of d-V or to a 0-handle; and view W as the manifold obtained by at- 
taching 2-handles and possibly a 3-handle to a product neighborhood of S = d+W. 
So a Heegaard splitting gives a natural handle-decomposition of M. The untele- 
scoping of the Heegaard splitting is a rearrangement of the order in which these 
handles are attached. This rearrangement gives a decomposition of M into sub- 
manifolds Ni, . . . , N m along incompressible surfaces, and each Ni inherits a strongly 
irreducible Heegaard splitting from a subset of the original 1- and 2-handles, see 
[24] for details. The decomposition is often called a generalized Heegaard splitting. 
We summarize this as the following theorem. Note that by part (1) of Theorem ll.2[ 
if the gluing map is sufficiently complicated, then M has incompressible boundary. 
So in this paper we only consider the case that dM (if not empty) is incompressible, 
though untelescoping is also defined for manifolds with compressible boundary. 

Theorem 1.4 (Scharlemann- Thompson [24 ). Let M be an irreducible and ori- 
entable 3-manifold with incompressible boundary. Let S be an unstabilized Heegaard 
surface of M . Then the untelescoping of the Heegaard splitting described above gives 
a decomposition of M as follows, see Figure \1.1\ for a picture. 

(1) M = Nq Ufi Ni Uf 2 ■ ■ ■ Uf m N m , where each Fi is incompressible in M . 

(2) Each Ni = Ai Up i Hi, where each Ai and Hi is a union of compression 
bodies with d+A. L = Pj = d+Bi and d-Ai = Fi = 9_B,-_i. 

(3) Each component of Pi is a strongly irreducible Heegaard surface of a com- 
ponent of N . 

(4) no component of Ai and Hi is a trivial compression body (i.e. a product). 



TAO LI 




(5) the genus g{Fi) < g(S) and g{P%) < g(S) for each i. 

Let F be a closed connected surface embedded in M. We say F is a canonical 
surface with respect to the untelescoping if F is parallel to a middle surface in a 
component of Ai or Bi, for some i. Note that a component of Pi is a (trivial) middle 
surface for both Ai and Bi, and any component of Fi is a middle surface for both 
Bi-i and A,-. The main theorem of the paper is: 

Theorem 1.5. Let M — M\ \Jp M 2 be as above. In particular, suppose Mi is not 
a product F x I and suppose dMi — F (if not empty) is incompressible in Mi. Then 
for any integer g, there is a number K depending on Mi, Mi and g, such that if 
d(M) > K, then for any unstabilized Heegaard surface S of M with g(S) < g, F is 
isotopic to a canonical surface with respect to any untelescoping of S. 

A corollary of Thcorcm ll.5l is a formula for the Heegaard genus. 

Corollary 1.6. Let M = M\ \Jp Mi be as in Theorem \1.5[ Then there is a number 
K depending on Mi and M 2 such that ifd(M) > K, g(M) = g(M 1 )+g(M 2 )-g(F). 

It follows from the proof that the number K in Theorem 11.51 and Corollary 11.61 
can be chosen to be an explicit quadratic function of g and x(fij), where VLi is as 
in Definition 11.11 The bound K depends on several distance estimates in various 
places in the paper. Lemma 15771 is the only place where the bound is quadratic and 
all other estimates are linear functions. 

If both Mi and M 2 are simple, i.e., irreducible, <9-irreducible, atoroidal and 
anannular, then Theorem ll.5l is a generalization of a theorem of Lackenby [8] and is 
proved in [251 E3] • Note that the complexity measure in [173] is defined using bound- 
ary curves of normal surfaces, see [TU] for a relation between Heegaard surfaces and 
normal surfaces. 

Our motivation for the main theorem is to study the Heegaard genus of closed 
3-manifolds. The following are special cases of Theorem ll.51 

Corollary 1.7. Let M\ and M 2 be orientable irreducible 3-manifolds with con- 
nected boundary and suppose dM\ = dM 2 . Let M be a closed 3-manifold obtained 
by gluing M\ to M 2 along the boundary. Then for any integer g, there is a number 
K depending on M\, M 2 and g, such that if d(M) > K, then for any unstabilized 
Heegaard surface S of M with g(S) < g, F is isotopic to a canonical surface with 
respect to any untelescoping of S . Moreover, g{M) = g{M\) + g(M 2 ) — g(F). 

Corollary 1.8. Let M , M\ and M 2 be as above. If M\ is a handlebody, then 
there is a number K depending on M 2 and g such that if d(M) > K , any Heegaard 
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surface of M with genus at most g is isotopic to a Heegaard surface of M%. In 
particular, g(M) = g^M?). 

Corollary 11.81 says that if the gluing map is complicated, then there is no new 
small-genus Heegaard surface in the resulting 3-manifold M. In particular, if Mi 
is a solid torus and M% is a knot manifold, Corollary 11.81 gives a weaker version of 
a known result on Heegaard structure and Dehn filling, see [HI HH [20] . 

Theorem 11.51 and its proof give useful ways of constructing new 3-manifolds 
with certain control on the Heegaard genus. This may shed light on construct- 
ing counterexamples (or examples) for the rank conjecture, which asserts that for 
a closed (hyperbolic) 3-manifold, the rank of its fundamental group equals its 
Heegaard genus. For example, if one can construct an example of 3-manifold N 
with connected boundary whose rank is smaller than its Heegaard genus, then by 
Corollarv ll.81 one can obtain a closed 3-manifold N by capping off dN using a han- 
dlebody and via a sufficiently complicated gluing map, such that rank(N) < g{N). 
Very recently, using hyperbolic JSJ pieces, the author has constructed examples 
of closed 3-manifolds with rank smaller than genus [16] . These are the first such 
examples having hyperbolic JSJ pieces and a main tool in the construction is Theo- 
rem [T3] It is conceivable that this method may be generalized to give a hyperbolic 
counterexample to the rank conjecture. 

The proof of Theorem 11.51 is also used by Bachman in [T] to study stabilization 
of Heegaard splittings. 

In the proof of the main theorem, we study how the amalgamation surface F in- 
tersects the incompressible and strongly irreducible surfaces in the untelescoping of 
a Heegaard splitting. In particular, we will show that if the amalgamation distance 
d(M) is sufficiently large, then any small-genus closed incompressible surfaces in M 
can be isotoped disjoint from F. So by our definition of d(M), it is natural to study 
the distance between d£li and the boundary curves of incompressible or strongly 
irreducible surfaces in Mi (i — 1,2). 

A basic observation in the proof is that the diameter in the curve complex of 
the vertices represented by the boundary curves of certain small-genus surfaces is 
bounded. More precisely, let N be a 3-manifold with incompressible boundary 
(which is not an /-bundle) and let Fbea boundary component of N. We consider 
the set of surfaces in N that are either essential or strongly irreducible and d- 
strongly irreducible (see Definition 13.31) with bounded genus and bounded number 
of components in dN — F. The observation is that the diameter in the curve 
complex C(F) of the boundary curves of such surfaces is bounded. This is proved 
in section [3] 

In section 2] we use this observation to prove Theorem 11.51 in the case that F 
is incompressible in both Mi and M%. The case that F is compressible in both 
Mi and M2 basically follows from a theorem of Scharlemann and Tomova [26] and 
this is discussed in section [5] The most difficult case in Theorem 11.51 is that F is 
compressible on one side but incompressible on the other side. The last two sections 
are devoted to this case. 

In section we show that if the distance of the amalgamation d(M) is large, 
then F can be isotoped disjoint from all the incompressible surfaces (i.e. the Fi's in 
Theorem 1 1.4j) in the untelescoping. In section [6] we also discuss the case that F is 
disjoint from all the strongly irreducible Heegaard surfaces Pi's, and prove that in 
a certain generic situation, F is isotopic to a middle surface of a compression body 
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in the Heegaard splitting of Ni (see Theorem 1 1.4|) . In section [3 we study how F 
intersects the sweepout of the strongly irreducible Heegaard splitting of N% in the 
untelescoping and finish the proof of the last case. 

I would like to thank Saul Schleimer for a helpful conversation on the annulus 
complex of a twisted /-bundle and thank the referee for many suggestions and 
corrections. 



2. A GENUS CALCULATION 

Notation 2.1. Throughout this paper, we denote the interior of X by int(X), the 
closure of X (under the path-metric) by X, and the number of components of X 
by \X\ for any space X. 

We first show that Corollary 11.61 follows from Theorem 11.51 For simplicity, we 
suppose Mi and M 2 have only one boundary component, i.e., M is a closed 3- 
manifold. If M has boundary, by Theorem 1 1.21 dM is incompressible in M and one 
may cap off each component of dM by a handlebody and calculate the Heegaard 
genus same as the case that M is closed. 

Suppose M is closed. By Theorem 11.21 we may assume M = Mi Uf Mi is 
irreducible and is not S 3 . Let S be an unstabilized Heegaard surface of M. Let 
M = No U^! Ni Uf 2 • ■ ■ Up m N m and N = Ai Up t Bi be the decompositions in 
an untelescoping of the Heegaard splitting, see Theorem 11.41 and Figure 11.11 As 
in [24j [23], one can rearrange the handle structure determined by the Heegaard 
splitting along S so that the sub-collection of 1- and 2-handles which occur in JVj 
determine the Heegaard splitting N = Ai Up ; Bi. 

Suppose S is a minimal genus Heegaard surface of M and let g be its genus. 
Suppose F is canonical with respect to the untelescoping of S as above. Without 
loss of generality, we may suppose F lies in the compression body Bj between Pj 
and Fj + i in the untelescoping, see Figure ITTTl We may assume Bj is connected. By 
the definition of middle surface, F separates Bj into two compression bodies and we 
can choose a handle structure for Bj so that the 2-handles in the two compression 
bodies are exactly the 2-handles for Bj. Next we count the handles in Mi and M 2 . 

Let a,, bi, Ci and di (i = 1, 2) be the numbers of 0-, 1-, 2-, and 3-handles in M, 
respectively in the handle decomposition determined by the Heegaard surface S as 
above. The total number of 0-handles is ai + a 2 and the total number of 1-handles 
is 01+02- So the Heegaard genus g = (61+02) — (ai+<Z2)+l = (C1+C2) — (di+d,2)+l- 

Since F and Mi are connected, as in [24] , one can rearrange the 0- and 1-handles 
in Mi to form a connected handlebody and obtain a Heegaard splitting of Mi with 
genus gi = bi — ai + 1. Hence g{Mi) < 61 — ai + 1. Similarly, one can rearrange 
the 2- and 3-handles in M 2 to form a handlebody and obtain a Heegaard splitting 
of M 2 with genus g 2 — c 2 — d 2 + 1. Hence g(M 2 ) < c 2 — d 2 + 1. Moreover, an easy 
calculation of the Euler characteristic of Mi yields g(F) = 1 — ai + bi — Ci + d\. 
Therefore, 3 (Afi)+ 5 (M 2 )- 5 ( J F 1 ) < (6i-ai+l)+(c 2 -d 2 +l)-(l-Oi+6i-Ci+di) = 
(ci + c 2 ) - (di + d 2 ) + 1 = g = g(M). 

Given two minimal-genus Heegaard splittings of Mi and M 2 , the amalgamation 
of the two splittings yields a Heegaard splitting of M with genus g{M{) + g{M 2 ) — 
g(F), see 0H31E7] for more detailed description. This means that g(M) < g(Mi) + 
g(M 2 ) - g(F). So the equality g(M) = 5 (Mi) + g(M 2 ) - g(F) holds. 
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3. Intersection of small surfaces 

In this section, we prove several lemmas on the intersection of certain small-genus 
surfaces. These lemmas will be used in the later sections. 

Throughout this section, we fix an orientable irreducible compact connected 3- 
manifold N with incompressible boundary. We also fix a component of dN and 
denote it by F. 

Definition 3.1. We define the annulus complex An(F) to be the subcomplex of 
C(F) consisting of vertices represented by boundary curves of essential annuli in 
N. Note that we only consider those essential annuli with at least one boundary 
component in F. 

The following lemma is also proved in [14] . 

Lemma 3.2. Suppose N is not an I -bundle. Then the diameter of the annulus 
complex An(F) in C{F) is at most 2. 

Proof. Let J be an /-bundle in N with its horizontal boundary dh J in dN and its 
vertical boundary consisting of essential annuli properly embedded in N . Suppose 
dh J n F ^ 0. Note that if N contains an essential annulus A with at least one 
boundary component in F, then a small neighborhood of A is such an /-bundle. 
We may suppose J is maximal up to isotopy. This is basically from the theory of 
characteristic submanifolds, see [7]. 

As N is not an /-bundle, J ^ N. By our assumption, J C\ F c dh J and any 
component of d{ J (~l F) is a boundary component of an essential annulus in N. Let 
A' be a vertical boundary component of J. So A' is an essential annulus in N 
and dA' l~l F C d(J PI F). Let A be any other essential annulus in N with at least 
one boundary component in F and we consider A n A' . Since A and A' are both 
essential annuli, no component of A n A' can be essential in one annulus but trivial 
in the other annulus. If Ad A' contains a closed curve that is trivial in both annuli, 
then there is such a curve c that is innermost in A' and bounding disks Aci and 
A' C A'. Since c is innermost in A', int(A') n A = and A U A' is an embedded S 2 
in N. Since N is irreducible, A U A' must bound a 3-ball. Hence we can perform 
an isotopy on A, pushing A across the 3-ball and eliminate the intersection curve c. 
So after isotopy, we may assume A D A' contains no trivial closed curve. If A n A' 
contains an arc that is trivial in both annuli, then there is such an arc a that is 
outermost in A ' . Since a is trivial in both A and A' , a and subarcs of dA and dA' 
bound bigon disks d and d' in A and A' respectively. Moreover, since a is outermost 
in A' and An A' contains no trivial closed curve, int(d') fl A = and d U d' is a 
disk properly embedded in N . Since dN is incompressible, the disk dU d! must be 
9-parallel in N. Hence an isotopy on A that pushes d across the 3-ball bounded by 
dUd' and dN can eliminate the intersection arc a. Thus after some isotopies as 
above, every arc or closed curve in AC\ A' is essential in both annuli and this means 
that either dA fl dA' = or A n A' consists of arcs vertical in both A and A' . 

If dA fl dA' ^ after isotopy, then the union of a small neighborhood of J U A 
and possibly some 3-balls yields a larger /-bundle contradicting the assumption 
that J is maximal, see [3 Section 2] for a more detailed argument. So dAfldA' = 
after isotopy. This means that, for any component 7 of d( J D F), 1/(7, dA n F) < 1 
and the lemma holds. □ 
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Definition 3.3. Let N be an orientable irreducible compact connected 3-manifold 
with incompressible boundary as above. Let Q be a surface properly embedded in N 
and suppose Q is not a disk or 2-sphere. We say Q is essential if it is incompressible 
and <9-incompressible. A properly embedded disk in N is essential if its boundary 
is an essential curve in dN, and a 2-sphere in N is essential if it does not bound 
a 3-ball in N. Since N is irreducible and dN is incompressible, N contains no 
essential disk or 2-sphere. Let P be a properly embedded separating surface in N 
and we allow P to be disconnected. Suppose the surface P decomposes N into two 
submanifolds X and Y, where X and Y are on different sides of P (note that X 
and Y may be disconnected) . We say P is strongly irreducible if P has compressing 
disks on both sides, and each compressing disk in X meets each compressing disk 
in Y . We say P is d -strongly irreducible if 

(1) every compressing and 9-compressing disk in X meets every compressing 
and 9-compressing disk in Y , and 

(2) there is at least one compressing or 9-compressing disk on each side of P. 

If P is strongly irreducible, then OP consists of curves essential in dN. To 
see this, suppose a component of dP is trivial in dN. Then an innermost such 
component bounds a disk in ON that is disjoint from every compressing disk on 
the other side of P. This contradicts that P is strongly irreducible. 

Let P be a strongly irreducible and 9-strongly irreducible surface in N and 
dP y^ 0. Let X and Y be the closure of the two submanifolds of N — P on different 
sides of P as in Definition 13.31 Since P is compressible on both sides, we may 
compress P in both X and Y. Let P x and P Y be the possibly disconnected surfaces 
obtained by maximally compressing P in X and Y respectively and removing all 
possible 2-sphere components. Some components of P x and P Y may be closed 
surfaces. Let P x (resp. Pg) be the union of the components of P x (resp. P Y ) 
with boundary. 

For any 9-parallel surface R in N, we denote by n(R) the subsurface of dN that 
is bounded by OR and isotopic to R relative to OR. We say a collection of pairwise 
disjoint 9-parallel surfaces R±, . . . , R m in N are non-nested if 7r(i?i), . . . , ir(R m ) are 
pairwise disjoint in dN. 

Lemma 3.4. Let P, P x , P Y . P% and Pj } be as above. Then 

(a) P x and P Y are incompressible in N , 

(b) a component of P x is either d-parallel or can be changed into an essential 
surface after some d- compressions in X and deleting any resulting d-parallel 
components, 

(c) the d-parallel components of ' P x are non-nested in X. 

Proof. Since P is strongly irreducible, part (a) of the lemma follows from [22l 
Lemma 5.5]. Our task is to prove parts (b) and (c). 

As P is separating, we call the two sides of P plus and minus sides and suppose 
P x is on the plus side and P Y is on the minus side. Moreover, any surface obtained 
by compression or <9-compression on P inherits plus and minus sides. So P x is a 
surface obtained by compressing P on the plus side. 

Let Q be either P x or a surface obtained from P x by some 9-compressions on 
the plus side (i.e. in X), and let Q' be a component of Q with boundary. By part 
(a), P x is incompressible, hence Q and Q' are incompressible in N. 



HEEGAARD SURFACES AND THE DISTANCE OF AMALGAMATION 9 

Next prove that Q' is <9-incompressible on the minus side. The main reason for 
this is that P is 9-strongly irreducible and the proof is similar to [22l Lemma 5.5]. 

Suppose Q' is 9-compressible on the minus side and let D be a 9-compressing 
disk for Q' on the minus side. By viewing P as a surface obtained from Q by 
adding some tubes and possibly some half tubes on the minus side, we may view 
the arc a = dD n Q' as an arc in P and view D as a disk transverse to P with 
dD = «Uft a C P, (3 C dN, and da = d/3. Moreover, a neighborhood of a in D 
lies on the minus side of P. Note that if 'mt(D) n P = 0, then D is a, <9-compressing 
disk for P on the minus side disjoint from a compressing disk of P on the plus side, 
contradicting that P is 9-strongly irreducible. So int(D) n P ^ 0. Let 71 , . . . , j n be 
the closed curves in int(-D) PI P and let ai, . . . , oik be the arcs in (D — a) n P with 
dat C /? for each i. After isotopy, we may assume the 7j's and cVs are essential 
curves and arcs in P. 

Since P is strongly irreducible, it follows from the proof of Scharlemann's no- 
nesting lemma [2Tj Lemma 2.2] (also see [22] Lemma 5.5]), after some isotopy (one 
can also use the isotopy described below), we may assume the closed curves 74 's 
are not nested in D. Let 81, . . . , S n be the subdisks of D bounded by 71, . . . ,7„ 
respectively. Each on and a subarc of /3 bound a subdisk D. b of D. Since P can 
be viewed as the surface obtained from Q by adding tubes and half tubes on the 
minus side corresponding to the compressions and ^-compressions on the plus side, 
we may assume that (1) each Si is a compressing disk for P in X (i.e. on the plus 
side), and (2) if int(ZV n P = 0, Di is a 9-compressing disk for P in X (i.e. on the 
plus side). 

If some Si's lie inside some Dj, since the Si's are non- nested in D, there must be 
a disk Dj such that int(Dj) P\P 7^ but those disks ZVs and Si's that lie inside Dj 
are pairwise disjoint (i.e. non-nested in Dj). This assumption implies that a small 
neighborhood of ctj in Dj lies on the minus side of P (since those S^s and ZVs in Dj 
are in X). Thus, after replacing D by this disk Dj in our argument if necessary, we 
may assume all the disks ZVs and Si's are non-nested in D. Furthermore, we may 
assume |int(Z?)nP|, the number of components of int(Z?)nP, is minimal among all 
such disks D. Note that the isotopies above eliminating nested closed curves and 
trivial intersection curves all reduce |int(Z?) n P\. So each Si is a compressing disk 
for P on the plus side and each Di is a <9-compressing disk for P on the plus side. 

Since P is compressible on both sides, P has a compressing disk D' on the minus 
side. Since P is strongly irreducible and 9-strongly irreducible, dD' fl dSi ^ and 
dD' fl dDi ^ for each i. Thus D' n D 7^ 0. We may assume D' is transverse to D. 

After some isotopies, we may also assume D' fl D does not contain any closed 
curve. We may assume |Z)nZ?'| is minimal up to isotopy. Let k be an arc in D' C\D 
that is outermost in D', i.e., k and a subarc of dD' bound a subdisk A of D' and 
int(A) n D = 0. We have the following 8 cases to consider. 

Case (1). If k is an arc connecting two different circles 7$ and jj in D, then a 
simple isotopy that pushes D across A will merge 7$ and 7^ into one closed curve. 
This contradicts the assumption that |int(Z?) n P\ is minimal. 

Case (2). If k is an arc connecting a circle 7$ and an arc oy , then the same isotopy 
above merges 7$ and ctj into a single arc. This again contradicts that |int(D) n P\ 
is minimal. 

Case (3). The third case is that dn lies in the same circle ji = dSi, as shown in 
Figure [3jja) . After the same isotopy pushing D across A, the disk Si becomes an 
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Figure 3.1. 



annulus A C D, see Figure l3~TT b) . Moreover, A is properly embedded in X on the 
plus side of P (since Si c X). 

We denote the two circles of dA by c\ and ci , as shown in Figure 13.1T b) . Let 
di be the disk bounded by q in D and suppose d\ C d-i and ^2 — int(di) = A. If 
Ci is a trivial curve in P, then a simple isotopy on P and 13 can eliminate Cj, and 
l-D fl .D'l is reduced after all these operations while |int(£>) n P\ is either reduced 
or unchanged. So we may assume both c\ and C2 are essential curves in P. If 
mt(di) fl P = 0, then di is a compressing disk in Y (since ^4 C X) and di can 
be isotoped disjoint from £,-, a contradiction to the hypothesis that P is strongly 
irreducible. Thus we may assume mt(di) fl P ^ 0. 

Since the circles 7^'s are non-nested, c\ and those 7j's in int(di) bound a planar 
surface R C d\ and i? is properly embedded in Y", see Figure IBTlT b). By a theorem 
of Scharlemann [51] Theorem 2.1 and Lemma 2.2] (also see |22[ Lemma 5.5]), one 
can perform an isotopy to eliminate the nested circles in di- In fact, it follows from 
[2TT Theorem 2.1 and Lemma 2.2] and [22j Lemma 5.5] that R must be 9-parallel 
in Y . This contradicts the minimality assumption on |int(-D) l~l P\. 

Case (4). Now we consider the case that 8k lies in the same arc a». After the 
isotopy pushing D across A as above, c*j splits into an arc a\ and a circle c. Let d 
be the subdisk of D bounded by c. By applying the same arguments for c\ and d\ 
in case (3) to c and d, we get a contradiction to either the minimality of |mt(£>) F\P\ 
or the assumption that P is strongly irreducible. 

Case (5). In this case we suppose k is an arc connecting two different arcs cti 
and ctj, see Figure EHJc). After the isotopy pushing D across A, an and ay become 
a pair of arcs a and b with daii db = dai U day , as shown in Figure 13.1( d) . Let 
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D a and D be subdisks of D cut off by a and b respectively. By our construction, 
D a and Db are nested. Suppose D a C D D - If a is a trivial arc in P, then a simple 
isotopy on D can remove the intersection arc a and lead to a contradiction to the 
minimality of |int(P) PI P\. Suppose a is essential in P. If int(D a ) fl P = 0, then 
D a is a 9-compressing disk for P on the minus side, since Di and Dj are on the 
plus side. Moreover, we can perturb D a to be disjoint from Di and Dj, and this 
contradicts that P is 9-strongly irreducible. Thus mt(D a ) fl P ^ 0. Since Di and 
Dj lie on the plus side of P, a neighborhood of a in D a is on the minus side of P. 
Since |int(D a )nP| < |int(D)nP|, this again contradicts the minimality assumption 
on |int(P>) nP|. 

Case (6). The final 3 cases deal with the situation that an endpoint of k lies in 
a = dD fl P. We first suppose k connects a and a circle ji in D. After pushing P 
across A as above, a and 7» merge into a boundary arc a' of a new disk P, where 
da' = da, j3 = <9P fl cW = <9P fl ON and <9P = a' U /3. Note that after compressing 
P into P x , the circle 7$ can be viewed as a trivial circle in Q' bounding a disk 
(in Q') corresponding to the compressing disk, hence a' can be viewed as an arc 
in Q' isotopic (in Q') to a. However, |int(P) fl P\ < |int(P) n P\ and we have a 
contradiction. 

Case (7). If dn C a, then similar to Case (4), after pushing D across A, D 
splits into two disks E' and E" , and a splits into a closed curve 7' = dE' and 
an arc a' C dE". Similar to Case (6), we may view 7' and a' as curves in Q' . 
The closed curve 7' must be trivial in Q' , since Q' is incompressible. Hence a' is 
isotopic in Q' to a and the new disk E" can be viewed as a 9-compressing disk for 
Q' isotopic to D. However, k is eliminated and |PnP'| is reduced after the isotopy 
while |int(P") n P\ < |int(P) n P\. This contradicts our minimality assumption on 

|PnP'|. 

Case (8). If k connects a to an arc Qj in D, then after pushing D across A, 
similar to Case (5), a and en merge into a pair of new arcs a a and a^ which are 
boundary arcs of two new disks E a and E respectively {da U <9aii = da a U dab, E a 
and Eb correspond to the two components of D — Di — k). Recall that the arc ctj 
bounds a 9-comprcssing disk Di for P and P x . By our construction of Q' , after the 
(9-compressions on P x that we performed to get Q, we may view en as a 9-parallel 
arc in Q' that cuts off a disk in Q' corresponding to the (9-comprcssing disk Di. 
Since a is an essential arc in Q' and on can be viewed as a trivial arc in Q' , at least 
one of a a and ab is an essential arc in Q' bounding a 9-comprcssing (E a or Eb) for 
Q' . After replacing D by a new disk E a or Eb above, we get a contradiction to the 
minimality assumption of |int(D) fl P\. 

Therefore Q' must be 9-incompressible on the minus side. In particular each 
component of P x is ^-incompressible on the minus side. Since P x is incompressible 
by part (a), a component of P x is either 9-parallcl in X or can be changed into 
an essential surface after some 9-comprcssions on the plus side and deleting any 
resulting 9-parallel components. So part (b) of the lemma holds. If the (9-parallcl 
components of P x are nested in X (i.e. the two product regions in X bounded 
by two 9-parallcl components are nested), then this means that after some d- 
compressions on P x on the plus side, the resulting surface becomes (9-compressible 
on the minus side, a contradiction to the conclusion above. Thus part (c) holds. □ 



12 TAO LI 

Lemma 3.5. Let P and Q be properly embedded orientable surfaces in N with at 
least one boundary component in F. Suppose Q is essential and P is strongly irre- 
ducible and d-strongly irreducible. Note that by the definition of strongly irreducible 
surface, P is separating. Then either 

(1) (dP n F) n (dQ n F) = after isotopy, or 

(2) after some compressions and d- compressions on the same side of P , one 
can obtain an essential surface with a boundary component in F , or 

(3) after some isotopy, P D Q is essential in both P and Q and \dP fl dQ\ is 
minimal among curves isotopic to dP and dQ. 

Proof. Suppose part (1) of the lemma is not true. So we may assume that (dP n 
F) fl (dQ n F) ^ and \dP (~l dQ\ is minimal among curves isotopic to dP and dQ 
in 97V. 

Let X and Y be the closure of the two submanifolds of N — P as in Defini- 
tion [331 Let P x and P Y be the possibly disconnected surfaces obtained by max- 
imally compressing P in X and Y respectively and removing all possible 2-sphere 
components. Let P x and Pq be the unions of the components of P x and P Y with 
boundary respectively. Since P has at a boundary component in F, P x n F ^ 
and Pj n F ^ 0. 

By Lemma 13. 4[ a component of P^ is either 9-parallel in X or can be changed 
to an essential surface by some 9-compressions on the X-side. Furthermore, by 
Lemma [2H1 the 9-parallel components of Pq are non- nested. Thus either part (2) 
of Lemma 13.51 holds or the components of Pq and Pq incident to F are 9-parallel 
and non-nested in X and Y respectively. Let P x and Pp be the components of 
Pq and Pq respectively whose boundary lie in F. Suppose part (2) of Lemma [331 
is not true, then as above, Pp and Pp are 9-parallel and non-nested in X and Y 
respectively. Note that by our hypotheses and assumptions, Pp ^ and Pp ^ 0. 

Let Np be the submanifold of N between P x and P Y and we may assume P is 
properly embedded in Np. By the construction of P x and P Y , there are graphs 
Gx C X n Np and Gy C Y fl Np, which correspond to the compressions on P 
in X and Y respectively, such that Np — (P x U Gx U P Y U Gy) is a product 
P x (0, 1). Let £ x = P x U Gx and Sy = P Y UGy. We may view this as a 
sweepout H : P x (I,dl) — y (Np,T,x U Sy), where 7 = [0,1] and i7|p x (o,i) is an 
embedding. We denote H(P x {a}) by P a for any a £ I. We may assume Po = Sx 
and Pi = Sy and each P a (a ^ 0, 1) is isotopic to P. 

Since P x and PjC are 9-parallel and non-nested, and by our hypothesis that 
Q has a boundary component in P, we may assume Q fl P x and Q (~1 PjT consist 
of non- nested (^-parallel arcs in Q. Since we have assumed at the beginning that 
\dP fl dQ\ is minimal among curves isotopic to dP and dQ, we may assume the 
arcs in Q n Pp and Q fl Pj^ are essential in PpF and Pp respectively. Moreover, 
after isotopy, we may assume that for each t S (0, 1), Q is transverse to P t except 
for at most one center or saddle tangency. We call t s (0,1) a regular level if Q 
is transverse to Pt, otherwise, we call t a singular level. We may assume there are 
only finitely many singular levels. 

Let X t and Y t (t 6 (0, 1)) be the closure of the two submanifolds of N — P t 
corresponding to X and Y respectively. For each regular level t, we label it X 
(resp. Y) if either a closed curve in Q fl Pt bounds a compressing disk for P t in X t 
(resp. Yt), or an arc in Q n Pt bounds a 9-compressing disk for P t in X t (resp. Y t ). 
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Recall that we have assumed that Q n Pp and Q fl Pp consist of non-nested 
<9-parallel arcs in Q (since Pp and Pp are 9-parallcl in X and Y respectively) and 
the arcs in Q D Pp and Q fl PjT are essential in Pp and Pp respectively. This 
means that, for any sufficiently small e > 0, e is labelled X and 1 — e is labelled Y. 

Since P is strongly irreducible and 9-strongly irreducible, no regular level t is 
labelled both X and Y. 

Since Q is an essential surface, no arc or curve in P t fl Q can be trivial in P t 
but nontrivial in Q. For any regular level t, if a closed curve or an arc is trivial 
in both Pt and Q, since TV is irreducible and 9-irreducible, this curve or arc can 
be eliminated by an isotopy. So for any regular level t, if a closed curve (resp. an 
arc) in P t n Q is trivial in Q but essential in P t , then we can find an innermost 
(resp. outermost) such curve (resp. arc) in Q that bounds a compressing disk 
(resp. 9-comprcssing disk) for P t and hence t is labelled X or Y. Thus if a level t 
has no label, after some isotopies removing curves and arcs trivial in both P t and 
Q, PtDQ consists of curves and arcs essential in both P t and Q and part (3) of the 
lemma holds. So to prove the lemma, it remains to consider the case that every 
regular level t is labelled. 

Since e is labelled X and 1 — e is labelled Y for small e > 0, the conclusions 
above imply that there must be a singular level s G (0, 1) such that s — e is labelled 
X but s + e is labelled Y for sufficiently small e > 0. Moreover, P s fl Q contains a 
single saddle tangency. 

Let be the graph component of P s n Q containing the saddle tangency and 
let TV(0) be the closure of a small regular neighborhood of in Q. Since P s , Q 
and TV are all orientable and P s is separating in TV, every component of P s ± e fl Q 
is isotopic in Q to either a component of 9TV(0) or a component of P s n Q — 0. 
Since s — e is labelled X and s + e is labelled Y, there are arcs or closed curves 7x 
and 7^ in P s ± e (~)Q bounding compressing or (9-comprcssing disks in X s _ e and Y s+e 
respectively. As above, since P s is separating and in particular P s separates P s - F 
and P s + € in N, jx and 7y correspond to disjoint curves in dN(Q) U (P s fl Q — 0). 
Let Q x J be a small product neighborhood of Q in TV, where J is a closed interval. 
Let Q + and Q~ be the two components of Q x 9 J. Note that by the configuration 
near a saddle tangency, the intersection patterns of P s fl Q^ and P s ± e H Q are the 
same. In particular, curves in <9TV(0) U (P s n Q — 0) C Q arc isotopic in Q x J to 
disjoint curves in P s fl (Q x 9 J) . This means that there are two disjoint arcs or closed 
curves j' x and 7^ in P s fl(Qx d J) corresponding to jx and jy above, such that 7^- 
and 7y bound compressing or <9-compressing disks for P s in X s and Y s respectively. 
This contradicts that P s is strongly irreducible and 9-strongly irreducible. □ 



For any integers g and 6, let C g ^ be the collection of orientable surfaces properly 
embedded in TV, such that any P € C g ^ has at least one boundary component in 
F, dP is essential in dN, g(P) < g and \dP — F\ < b. Note that surfaces in C g ^ 
need not to be essential and there is no restriction on the number of components 
of dP n F. 

Lemma 3.6. Let P be a surface in C g .b- Let P = Pq, Pi, . . . , Pk be surfaces in TV 
such that each Pi is obtained by performing a d -compression on P%—\. Suppose dPi 
is essential in dN for each i. Then the distance d(dPr\F, dPk P\F) < max{l, Ag + 
26-2} mC(F). 
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Proof. Since dN is incompressible in N and dPi is essential in dN, x{Pi) < for 
each i. Let bp be the number of components of dP n P. Since P <G Cg,6) the total 
number of boundary components of P is at most bp + 6. By our hypotheses, the 
total number of ^-compressions is at most — %(P), so A; < — %(P) < 2g — 2 + b + bp. 

Let Di be the 9-compressing disk for Pi such that Pi+i is obtained by the d- 
compression along Di. Let dDi = on U (3i with a, C Pi and /?i C cW. Since we are 
only concerned about how the curves change in C(F), we may assume Pi C F for all 
i. Clearly, for any components 7* and 7^+1 of dPi n P and dPi+\ (~l P respectively, 
^(TtiTt+i) ^ 1- Note that if ctai (~l ji — 0, then the 9-compression does not change 
7i and 7* can be viewed as a component of dPi+\. 

We may view each ctj above as an arc properly embedded in P = Po. As above, 
we may assume the endpoints of these aj's all lie in dP (~l P. We have k such arcs 
ai and \dP n P| = &f- Hence there is a component 7 of 9P n P that contains at 
most 2k/bp endpoints of these arcs a,'s. Since fc < 2g — 2 + 6 + bp, ii2g — 2 + b> 0, 
then the number of those endpoints in 7 is at most 

2k 4o - 4 + 26 + 2b F ig-4: + 2b „ ,, , „,, „ , „, „ 

— < — = -^— + 2 < (4 5 - 4 + 26) + 2 = 4g + 26 - 2. 

bp bp bp 

If 2. 9 - 2 + 6 < 0, we have < 4g ~ 4 +^ +2bF = 4g ~ 4 r +2b + 2 < 2, which means that 
the number of those endpoints in 7 is at most 1. 

This means that at most max{l, 4g + 2b — 2} 9-compressions occur at the curve 
7. Since each 9-compression changes a curve by at most distance one in C(F), 
d(j,dPk n P) < max{l, 4g + 26 — 2} and hence the lemma holds. Note that 
this bound is not sharp and one can easily reduce the bound by a more delicate 
argument. □ 

Lemma 3.7. Suppose N is not an I-bundle. Let P and Q be surfaces in C g f,. 
Suppose Q is essential and suppose P is either essential or strongly irreducible and 
d-strongly irreducible. Then there exists a number K' that depends only on g and 
b, such that the distance d(dP f~l F,dQ D F) < K' in C(F). Moreover, K' can be 
chosen to be an explicit quadratic function of g and 6. 

Proof. Before we proceed, we would like to mention a well-known result on the 
relation between the intersection number of two curves and their distance in the 
curve complex. Let a and (3 be two essential simple closed curves in P and let k be 
the minimal number of intersection points of a (~l j3 up to isotopy on a and /3 in P. 
If the genus of P is at least two, by jTTJ Lemma 2.1] (see [51 Lemma 2.1] for a better 
bound), the distance d(a,/3) <2k + l<2\an/3\ + l. The proof of [13 Lemma 2.1] 
also works in the case that P is a torus. For completeness, we include the proof. 
Suppose P is a torus and a and /3 realize the minimal intersection number k. If 
k = 1, then by the definition of the curve complex for torus, d{a,j3) = 1. If k > 2, 
we fix two points x and y oiaD/3 adjacent in a and let a' be the subarc of a between 
x and y with int(a') (7/3 = 0. We can do surgery at x and y, replacing a segment 
of /3 between x and y by a' . This operation produces a simple closed curve fi\ in P 
whose minimal intersection number with a is at most k — 1. Moreover, since P is a 
torus and an/3 realizes the minimal intersection number, the intersection points of 
a D /0 all have the same sign. This implies that (1) /?i must be nontrivial in P and 
(2) the minimal intersection number of /3 and f3\ is one, which means d{/3\ 1 (3) = 1. 
Thus d(a,/3) < d(a,0i) + d(0i,/3) = d(a 7 /3 1 ) + 1. So by inductively applying the 
argument above, we have d(a,/3) < k < \a D (3\ if P is a torus. Therefore, for 
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any essential simple closed curves a and f3 in F, we have d(a,j3) < 2|afl /3| + 1 if 
g(F) > 2 and d(a, /3) < \a R /3\ if F is a torus. 
We have two cases to consider. 

Case A. N contains an essential annulus with at least one boundary component 
inF. 

Let X be the set of essential annuli and Mobius bands in N such that for each 
A in X, (1) at least one boundary component of A lies in F and (2) after isotopy, 
Fn A is essential in both P and A. Note that if P is an essential surface, then every 
essential annulus or Mobius band satisfies property (2) above. We first consider the 
subcase that X / 0. 

Claim 1. For any annulus or a Mobius band Ax in X, d(dP R F, dAx R F) < K\ 
for some constant K\ which can be chosen to be a linear function of g and b. 



Proof of the Claim 1. Let A be the annulus or Mobius band in X with the prop- 
erties that P n A consists of arcs essential in both P and A, and that \A R P\ is 
minimal among all such essential annuli and Mobius bands. 

Note that for any essential Mobius band, the boundary of its small neighborhood 
in N gives an essential annulus disjoint from the Mobius band. By Lemma I3~2l the 
diameter of the annulus complex is at most 2. So if d(dP R F, dA R F) < K\, then 
for any other annulus or Mobius band A x in X, d(dP R F, dA x R F) < K\ + 3. 
Thus to prove the claim, it suffices to show that d(dP R F, dA R F) < K\ for this 
particular annulus or Mobius band A. 

If P is an annulus, then by Lemma [321 d(dP R F, dA OF) < 2. So we may 
assume x(F) < 0. 

Suppose d(dPf~)F, dAnF) > 2, then every component of dP(lF intersects every 
component of dA R F. Let ui = min{ \a R /3| : a is a component of <9F R F and /3 is a 
component of <9A R F}. By the result we mentioned at the beginning of the proof, 
d(<9PRF,<9/lRF) < 2uj + liig(F) > 2 pH Lemma 2.1] and d{dP R F, <9A R F) < w 
if F is a torus. So to prove the claim, it suffices to show that ui is bounded from 
above by a linear function of g and b. 

Let gp be the genus of P and let 6f and 6p be the numbers of components of 
dP R F and dP — F respectively. By the definition of C gi h, gp < g and bp < b. 
Since each component of dP R F intersects every component of dA R F in at least u> 
points, the number of arcs of P R A with an endpoint in F is at least w6p/2. Since 
x{P) < 0, there are at most 6gp + 3(bp + bp) — 6 < 3bp + 6g + 3b — 6 pairwise 
nonpar allel arcs in P. Thus if uj > -^- fc — — , at least two arcs of P R A are 
parallel in P and each of the two arcs has at least one endpoint in F. Similar to the 
proof of LemmaJSH if 6.g+3&-6 > 0, 2(3bF+ ^ +3b ~ 6) = 6+ 12b ^~ 12 < 12.g+66-6, 

and if 6.g + 3b - 6 < 0, 2(3bF+ ^ +3b ~ 6) < 6. Thus if w > max{5, 12g + 66-6} then 
there are 2 arcs in P R A, denoted by a and /3, such that a and j3 are parallel in P, 
da R F ^ and d(3 R F ^ 0. 

Let Fp and Fa be rectangles bounded by a and /3 in F and A respectively. We 
may choose a and /3 so that int(Fp) R A = 0. Thus A' = Rp U Fa is an embedded 
annulus or Mobius band. Next we show that A' is an essential annulus or Mobius 
band. 
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Since N is irreducible, if A' is a Mobius band, then dA' must be essential in dN 
(otherwise the union of A' and a disk bounded by dA' is an embedded projective 
plane in N). If A' is an annulus and a component of dA' is trivial in dN, then 
since dN is incompressible, both components of dA' must be trivial in dN and 
this means that E^ = (A — P^) U Rp is an annulus isotopic to A (Eyt is embedded 
because mt(Rp)P\A = 0). Moreover, after a slight perturbation on E^, £U becomes 
transverse to P with E^nP essential in both E^ and P and |E^nP| < |Al~lP|. This 
contradicts our choice of A. So if A' is an annulus, dA' consists of essential curves in 
dN. Since dN is incompressible, the argument above says that no matter whether 
A' is an annulus or a Mobius band, A' is incompressible. Since A is essential and 
a is an essential arc in A, a must be an essential arc in N, which implies that A' 
is 9-incompressible. Therefore A' must be an essential annulus or Mobius band 
in N. Moreover, after a small perturbation, A' C\ P has fewer components than 
A n P, a contradiction to the minimality assumption on \A n P\. This means that 
ui < max{5, 12g + 66 — 6} and the claim holds. □ 

Claim 2. For any essential annulus An in TV with at least one boundary component 
in P, d(dP fl P, dAjy C\ F) < K 2 for some constant K 2 which can be chosen to be 
a linear function of g and b. 



Proof of the Claim 2. By Lemma 13.21 the diameter of the annulus complex is at 
most 2. So Claim 2 immediately follows from Claim 1 if X ^ 0. 

If P is essential in N, for any essential annulus An in the claim, after isotopy, 
P n An is essential in both P and An- So An 6 -V and A 7^ in this subcase and 
Claim 2 follows from Claim 1. 

If P is strongly irreducible and 9-strongly irreducible, by Lemma 13.51 either 
(dA N r]F)r\{dPr\F) = 0, or one can obtain an essential surface P' (with dP'C\F ^ 
0) by compressing and 9-compressing P on the same side, or after isotopy An H P 
consists of essential arcs in both An and P. If (8An (~l P) n (9P n P) = 0, then 
d(tMAr n P, dP (~l P) < 1 and the claim holds. If An fl P consists of essential arcs in 
both ^4 n and P, then ^4 n € -V and Claim 2 follows from Claim 1. Thus it remains to 
consider the subcase that one can obtain an essential surface P' (with dP' C\F / 0) 
by compressing and 9-compressing P as in Lemma [3.5l Since a compression does not 
change the boundary curve, the essential surface P' is obtained by <9-compressing 
a surface whose boundary is the same as dP. By Lemma 1^51 d(dP' fl P, dP P\F) < 
max{l, 4g + 26 — 2}. Since P' is an essential surface, we may assume P' n An 
is essential in both P' and yljy. By Claim 1, d{dP' n P, 9,4^ n P) < ifi. As 
d{dP' n P, <9P n P) < max{l, 4 5 + 26 - 2}, we have 

<i(<9P n P, dA N n P) < d(9P n P, 0P' n P) + 1 + d(dP' n F, dA N n P) < PJ 2 , 

where if 2 = max{l, 4# + 26 - 2} + ifi + 1. □ 

The argument above also implies that d(dQ fl P, (Mat HP) < PJ2 , since Q is an 
essential surface. Therefore, if N contains an essential annulus with at least one 
boundary component in P, d(dP fl P, 9Q fl F) < 2K 2 + 1 and the lemma holds in 
Case A. 

Case B. N contains no essential annulus with a boundary component in P. 

For simplicity, we assume P is strongly irreducible and 9-strongly irreducible 
and the proof for the case that P is essential is the same. By Lemma 13. 5[ either 
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(dP(lF)n(dQnF) = 0, or one can obtain an essential surface P' (with dP'C\F ^ 0) 
by compressing and 9-compressing P on the same side, or after isotopy P n Q is 
essential in both P and Q and \dP fl 9<3| is minimal up to isotopy on dP and 9Q 
in 97V. 

If (dP n F) n (9Q H F) = 0, the lemma holds trivially. So by Lemma I3~5l we 
have the following 2 subcases to consider. 

Subcase 1. P n Q is essential in both P and Q, and |9P n dQ\ is minimal up to 
isotopy on dP and <9Q m dN. 

Let w = min{|a n /3\ : a is a component of dP n F and /3 is a component 
of 9Q H F}. Let 6i and 62 be the numbers of components in P fl F and Q C\ F 
respectively. Thus the number of arcs of P fl Q with an endpoint in F is at least 

wM 2 /2. 

Since N contains no essential annulus with a boundary component in F and 
since dN is incompressible, x(P) < and x(Q) < 0- As in the argument in Claim 
1 above, the maximal numbers of pairwise nonparallel arcs in P and Q are at most 
6g + 3(6 + 61) — 6 and 6g + 3(6 + 6 2 ) — 6 respectively. Thus if w is sufficiently large, 
there are a pair of arcs a and /3 in P n Q such that 9a fl F / 0, 9/3 n F 7^ 0, and 
a and /3 are parallel in both P and Q. Note that the bound for w is an explicit 
quadratic function of g and b. Let Pp and Rq be the rectangles bounded by a U /3 
in P and Q respectively. We can choose a and (3 so that int(Pp) fl mt (Rq) = 0. 
So A = Pp U Rq is an embedded annulus or Mobius band in N. As a n P 7^ 0, 
at least one component of tM lies in P. Similar to Claim 1 in Case A, since N is 
irreducible, if A is a Mobius band, 9A must be essential in dN. Since \dP fl 9Q| is 
minimal in their isotopy classes, if A is an annulus, d A is essential in dN. Hence A is 
incompressible. Since Q is an essential surface and a is an essential arc in Q, a must 
be an essential arc in N. Hence A is <9-incompressible in N. So A is essential in N. 
If A is a Mobius band, a double cover of A is an essential annulus. This contradicts 
our hypothesis in Case B that no such essential annulus exists. Therefore, uj and 
d(dP fl P, dQ fl P) must be bounded by a number K' that depends only on g and 
6. As above, K' can be chosen to be an explicit quadratic function of g and b and 
the lemma holds. 

Subcase 2. One can obtain an essential surface P' (with dP'DF ^ 0) by compressing 
and 9-compressing P. 

Since both P' and Q are essential, after isotopy, P' fl Q is essential in both P' 
and Q and |<9P' fl dQ\ is minimal up to isotopy on dP' and dQ in cW. Then the 
argument in Subcase 1 above implies that d(dP' fl P, <9<5 (~1 P) < K', where P' can 
be chosen to be an explicit quadratic function of g and b. 

By Lemma EH d(dP' n P, <9P n P) < max{l, 4g + 26 - 2}. Thus as in the proof 
of Claim 2 above, d(dPnF,dQnF) < d(dPDF,dP' DF) + l + d(dP'nF,dQnF) < 
K' + max{l, 4 3 + 26 - 2} + 1. □ 

Lemma 3.8. Suppose N is a twisted I-bundle over a closed non-orientable sur- 
face and F = dN. Let P be a properly embedded orientable genus-g surface 
with boundary and suppose P is either essential or strongly irreducible and d- 
strongly irreducible. Then there is a number K depending only on g, such that 
d(dP,Aisr(F)) < K, where An(F) is the annulus complex defined in Definition \3.1\ 
Moreover, K can be chosen to be an explicit linear function of g. 
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Proof. Any orientable essential surface with boundary in the /-bundle N is an 
annulus. If P is an essential surface, P must be an annulus and d(dP, An(F)) = 0. 
So we may assume that P is strongly irreducible and 9-strongly irreducible. 

By Lemma 13.51 for any vertical annulus Q, either dP PI dQ = 0, or one can 
obtain an essential annulus by compressing and 9-compressing P on the same side, 
or after isotopy P n Q is essential in both P and Q. 

Suppose we can obtain an essential annulus P' after some compressions and d- 
compressions on the same side of P. By Lemma T3.6I and since F = dN, P G C g fl 
and d(dP, A N {F)) < d{dP, dP') < max{l, 4 ff -2}. Thus by Lemma[H3J it remains 
to consider the case that for any vertical annulus Q of N, we can isotope P so that 
P n Q consists of arcs essential in both P and Q. 

We may choose Q to be a vertical annulus or Mobius band so that dP fl dQ is 
minimal among all vertical annuli and Mobius bands with the property that P C\Q 
consists of arcs essential in both P and Q. If dP fl dQ — then d(dP, An(F)) < 1. 
So we may assume dP n dQ ^ 0. 

Let u = min{|a fl /3| : a is a component of dP and j3 is a component of dQ}. As 
in the proof of Lemma 13. 7\ if u> is large, then there are a pair of arcs a and /3 in 
PnQ that are parallel in P and we can construct a new essential annulus or Mobius 
band with fewer intersection with P. As in the proof of Claim 1 in Lemma 13.71 
this implies that u) < max{5, 12g — 6}. As before, by jTTJ Lemma 2.1] and the 
argument at the beginning of the proof of Lemma [3~7l d(dP, An{F)) < d(dP, dQ) < 
2lo + 1 < max{ll, 24g - 11} if g(F) > 2, and d{dP,A N {F)) < d(dP,dQ) < u < 
max{5, I2g — 6} if F is a torus. □ 

In the lemmas above, we proved some nice properties of strongly irreducible and 
9-strongly irreducible surfaces in N. Next we consider surfaces that are strongly 
irreducible but not 9-strongly irreducible. 

Lemma 3.9. Let P be a strongly irreducible surface properly embedded in N. If P 
is not d-strongly irreducible, then there is a surface P' obtained by d-compressing 
P and deleting any resulting d-parallel components, such that P' is either 

(1) strongly irreducible and d-strongly irreducible or 

(2) essential in N , or 

(3) P' = 0, i.e., after some d -compressions on P, every component of the 
resulting surface is d-parallel. 

Proof. Let D be a 9-compressing disk. We say D is disk-busting if every compress- 
ing disk on the other side of P intersects dD. If P has a 9-compressing disk D 
that is not disk-busting, then we perform a 9-compression along D. As D is not 
disk-busting, there is a compressing disk D' of P on the other side which remains 
a compressing disk after the <9-compression. Moreover, since P is compressible on 
both sides, the surface obtained by 9-compression along D remains compressible 
on both sides and strongly irreducible. 

After some 9-compressions as above, we may assume every 9-compressing disk 
of P is disk-busting. If P is still not 9-strongly irreducible, there must be a pair of 
(9-compressing disks D\ and Z?2 on different sides of P with dD\ DdD2 = 0. Now we 
perform 9-compression on P along D\ and D^ simultaneously and obtain a surface 
P' . Since both D\ and £>2 are disk-busting and D\ and Di are on different sides 
of P, P' is incompressible in N. Therefore, after some more 9-compressions on P', 
we obtain a surface of which every component is either essential or 9-parallel. □ 
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In the proof of Lemma 13. 9[ if a component of P is 9-parallel and outermost, 
then we can simply eliminate this component. Next we discuss how the boundary 
curves of P change during the 9-compressions in the proof of Lemma 13.91 This 
discussion will be used later. Since we are mainly interested in the curves in F, we 
suppose all the ^-compressions occur at F. Each step in the proof of Lemma 13.91 
is either a single 9-compression or two simultaneous 9-compressions on different 
sides of P. The resulting surface after each step is either strongly irreducible or 
incompressible. Note that a (^-compression does not create any 9-parallel disk, 
so the boundary of any resulting 9-parallel component is essential in dN. As we 
pointed out in Definition 13.31 the boundary curves of a strongly irreducible surface 
are essential in ON, so we can view them as vertices in the curve complex C(F). 
Next we study how the distance of the boundary curves change after each step in 
the proof of Lemma 13.91 

Let D be a 9-compressing disk for P in the proof of Lemma 13.91 Then a d- 
compression along D can be viewed as an isotopy pushing D into a product neigh- 
borhood of F. In fact, we can find a product neighborhood F x I of F in N such 
that every level F x {t} is transverse to P except for a singular level s 6 (0, 1) 
where F x {s} is transverse to P except for a single saddle tangency. The saddle 
tangency corresponds to the 9-compressing disk D. Suppose F = F x {0} and 
N' = N - (F X [0, 1)). Then N' = N and P n N' can be viewed as the surface 
obtained by 9-compressing P along D. So x(P P\ (F x I)) = — 1. Since P is ori- 
entable, the component of P n (F X I) that contains the saddle tangency must be 
a pair of pants. Hence P P\ (F x I) consists of a pair of pants and a collection of 
vertical annuli. In the proof of Lemma I3.9| the surface after the 9-compression 
along D remains either incompressible or strongly irreducible, so every component 
of P n (F x dl) is an essential curve in F x dl. To simplify notation, we do not 
distinguish a curve 7 in F x {t} from the vertex in C(F) represented by 7r(7), where 
■k : F x I — > F is the projection. It is easy to see that for any curves 70 and 71 in 
Pn(F x {0}) and P n (F x {1}) respectively, d(7 , 71) < 1 = ~x(P H (F x I)) in 
C(F). 

The situation is slightly more complicated when we simultaneously 9-compressing 
P (on different sides) along two disjoint <9-compressing disks D\ and D-i in the last 
part of the proof of Lemma 13.91 Similar to the argument above, we can find a 
product neighborhood F x I of F in N with F x {0} = F such that every level 
F x {£} is transverse to P except for a singular level s e (0, 1) where F x {s} 
is transverse to P except for two saddle tangencies. The two saddle tangencies 
correspond to the 9-compressing disks D\ and D^. Similar to the first case above, 
in the proof of Lemma 13.91 every component of P n (F x dl) is an essential curve 
in F x dL Let be the possibly disconnected graph of P n (F x {s}) containing 
the two saddle tangencies. So has two vertices of valence 4. If the genus of 
F is at least 2, then there must be an essential simple closed curve a in F x {s} 
that is disjoint from and P D (F x {s}). This implies that if F is not a torus, 
for any components 70 and 71 of P D (F x {0}) and P (~l (F x {1}) respectively, 
d(7o,7i) < d(70,o) + d(«, 7i) < 2 = -x(P n (F x I)) in C(F). 

If F is a torus, since PC\(F x dl) consists of essential curves, each P n (F x {i}) 
(i = 0, 1) consists of parallel curves in the torus F. If F x {s} — is not a collection 
of disks, then there is an essential simple closed curve in F x {s} disjoint from P. 
This implies that any curves 70 and 71 of PO (F x {0}) and PD(F x {!}) represent 
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the same vertex in C{F) and d(7o,7i) = 0. Next we suppose every component of 
Fx{s}-0 is a disk. ThcnPn(Fx/) contains no vertical annulus and Pn(Fx I) can 
be viewed as a small neighborhood of 0. Since P is separating, Pn(Fx {0}) contains 
at least two curves and the argument above implies that P n (F x {0}) contains 
exactly two curves which cut the torus Fx {0} into two annuli Ai and A%. Moreover, 
the two arcs D\ fl (F X {0}) and P/ 2 fl (F x {0}) from the 9-compressing disks are 
essential arcs in the two annuli A± and A 2 respectively. So it is easy to see that 
PP\(Fx{l}) also consists of exactly two curves, and for any 70 and 71 of Pn(Fx{0}) 
and Pn(Fx {1}) respectively, the intersection number of 70 and 71 (after projecting 
to the torus F) is one and hence d(7o,7i) = 1 < 2 = — x(P fl (f x /)) in the case 
that F is a torus. 

Therefore, in any case, for any curves 70 and 71 of Pn (F x {0}) and Ptl(F x {1}) 
respectively, d(jo, 71) < — x(Pn(F x /)) and — x(Fn (F x I)) equals to the number 
of saddle tangencies in F x I. 

4. Case I: The amalgamation surface F is incompressible 

Let Mi, M 2 , F and M = Mi U F M 2 be as in Theorem [T31 We regard Mi 
and M 2 as submanifolds of M with F = dM\ = <9Af 2 . In this section, we prove 
Theorem II. 51 in the case that both Mi and M 2 have incompressible boundary, i.e., 
F is incompressible in M. 

Lemma 4.1. Let Mi, M 2; M and F be as above. Then for any integer g, there 
is a number K g which depends only on M\, M 2 and g, such that, if d(M) > K g , 
then any closed incompressible orientable surface of genus g in M can be isotoped 
disjoint from F. 

Proof. Let S be a closed incompressible orientable surface of genus g in M. Suppose 
S cannot be isotoped disjoint from F. As both S and F are incompressible, we 
may assume F D S is essential in both F and S. 

Let Si = MiC\S (i = 1, 2). So Si has no disk component, each Si is incompressible 
in M i: S = Si U 5 2 and x(^) — x(Si) + x(5* 2 ). Since 5 cannot be isotoped 
disjoint from F, we obtain an essential surface S^ in Mj after at most — x(<Si) 9- 
compressions on Si . Each 9-compression changes the boundary curves of the surface 
by at most distance one in C(F). Thus for any components 7^ and 7^ of dSi and 
dS[ respectively, the distance d(7i,7 4 ') < — x{Si). 

Suppose neither Mi nor M 2 is a twisted /-bundle. Let Oj be the fixed essential 
surface with maximal Euler characteristic used in defining d(M), i.e., d(M) = 
d{dVti (IF, dVt 2 C\F). By Lemma I37T1 for any essential surface Q properly embedded 
in Mi with genus at most g and dQ C F, there is a number Xi such that d(dili f~l 
F, dQ) < Ki. Thus there is a component 7^ of dS' it such that d(dili D F, 7 4 ') < i-Q, 
j = 1, 2. Let 7 be a component of dSi — 95 2 . So we have d(d£li fl F, 9fi 2 fl F) < 
d(9OinF,70+d( 7 (,7) + d(7,72) + <72,9O 2 nF)<F'i-x(Si)-x(S 2 ) + F 2 = 
Fi — x(S) + F 2 = Fi + F 2 + 2g — 2. Thus Lemma |4~T1 holds in the case that neither 
Mi nor M 2 is a twisted /-bundle. 

If Mi is a twisted /-bundle over a closed non-orientable surface, then S^ must 
be a vertical annulus and each component of dS^ represents a vertex in the annulus 
complex of Mj. By the definition of d(M) in the case that Mi is a twisted /-bundle, 
the argument above plus Lemma 13.81 also prove Lemma 14.11 in the case that some 
Mi is a twisted /-bundle. □ 
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Let S be an unstabilized Heegaard surface of genus g. As in Theorem 11.41 the 
untelescoping of the Heegaard splitting [24] gives a decomposition M — No \Jf x 
Ni L>f 2 ■ • • Uf m N m , where each Fi is incompressible in M and g(Fi) < g. By 
Lemma 14.11 we may assume d(M) is so large that F{ (~l F = for each i after 
isotopy. So we may suppose F C int(iVj) for some i. Without loss of generality, we 
may assume N is connected. By the untelescoping construction, iV, has a strongly 
irreducible Heegaard surface Pi and g(Pi) < g. Note that if £ is strongly irreducible, 
then N{ — M . The following Lemma of Bachman-Schleimer-Sedgwick [3J Lemma 
3.3] says that we can isotope Pi so that Pi intersects F nicely. If F is parallel to 
some Fj above, then Theorem 11.51 holds. Suppose Theorem 1 1.51 is not true, then F 
is not parallel to a component of dNi. 

Lemma 4.2 (Bachman-Schleimer-Sedgwick [2]). Let Ni be a compact, irreducible, 
orientable 3-manifold with ON incompressible, if non-empty. Suppose Pi is a 
strongly irreducible Heegaard surface of N. Suppose further that N contains an 
incompressible, orientable, closed, non-boundary parallel surface F. Then either 

(1) Pi may be isotoped to be transverse to F, with every component of Pi — N (F) 
incompressible in the respective submanifold of N — N(F), where N{F) is 
a small neighborhood of F in N, 

(2) Pi may be isotoped to be transverse to F, with every component of Pi — N (F) 
incompressible in the respective submanifold of Ni — N(F) except for exactly 
one strongly irreducible component, or 

(3) Pi may be isotoped to be almost transverse to F (i.e., Pi is transverse 
to F except for one saddle point), with every component of Pi — N(F) 
incompressible in the respective submanifold of N — N(F). 

Let N(F) — F x I be a product neighborhood of F in N and let X and Y be 
the two components of N — mt(N(F)). As P, is a Heegaard surface of N and the 
incompressible surface F is not parallel to dNi, F D Pi ^ 0. Let Sx = Pi fl X and 
Sy = Pi H Y. By Lemma T4. 21 we may assume that each component of Sx and Sy 
is either incompressible or strongly irreducible in X and Y respectively. Moreover, 
both Sx and Sy are essential subsurfaces of Pi (i.e. dSx and dSy are essential 
curves in Pi). Hence xi^x) + x(Sy) > x(P)- By projecting F x I to F, we may 
view dSx and dSy as curves in F. By Lemma H2J P% is transverse to every level 
surface F x {t} in F x I except for at most one saddle tangency which only occurs 
in case (3) of Lemma 1431 Thus, for any components jx and -fy of dSx and dSy 
respectively, o?(7x,7y) < 1 in C(F). 

Since F n Pi ^ after any isotopy, Sx or Sy cannot be changed to a set of 
9-parallel surfaces by (^-compressions on Sx or Sy in X or Y respectively. Thus by 
Lemma 13.91 we can obtain a pair of surfaces S' x and S Y by some 9-compressions 
on Sx and Sy respectively, such that S' x and S Y are either essential or strongly 
irreducible and 9-strongly irreducible in X and Y respectively. The numbers of d- 
compressions on Sx and Sy are at most — x(&x) and — x(^V) respectively. Since 
each 9-compression changes a curve by distance at most one in the C(F), by the 
argument after Lemma 13.91 for any components ^x and j' x of dSx and dS' x re- 
spectively, d(j x ,Jx) < ~x( s x)- 

Since ~x(Sx) ~ x{Sy) < ~x(Pi) < 2 5 - 2 and since d{^x,lv) < 1 for any 
components 7x and jy of dSx and dSy respectively, for any components ^y' x and 
7 y in dS' x and dS Y , we have ^(7^,7^) < d(~f' x ,j x ) + d(j x ,jY) + d(*yy,j Y ) < 
-x(Sx) + 1 - x(Sy) < 1 - x(P) < 2.9 - 1. 
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Note that since Ni is a submanifold of M — M\ U_f M% with F C int(JVi), to 
simplify notation, we will regard X and Y as submanifolds of Mi and M2 respec- 
tively with F C dX and F C 9Y. Since F is not parallel to a component of cW,, 
X and y are not /-bundles unless Mi or M2 is a twisted /-bundle. 

We first suppose neither Mi nor M-i is a twisted /-bundle. Let H,j (j = 1, 2) 
be the fixed essential surface in Mj used in defining d(M), i.e., d(M) = d(dili D 
F, 9512 n F) . Since 9X and <9F are incompressible in Mi and M2 respectively, we 
may assume Oi fl X and fl 2 f)Y are essential surfaces in X and Y respectively. 
Moreover, we may assume $7i n X and 0,2 H K are essential subsurfaces of J7i and 
fi 2 respectively, and in particular, x(^i nl)> x(^i) an d x(^2 D Y") > x(^a)- 

As FHd(ni (IX) = d^HF and Fnd(n 2 r\Y) = <9ft 2 OF, by applying LemmaO 
to X and Y", we conclude that there is a number K depending only on g and 
max{-x(Oi),-x(fi2)}, such that d(dS' x ,dQinF) < K axid d(dS{,,dn 2 nF) <K. 
Let 7^- and 7y be any components of dS' x and c^S'y respectively. Recall that we 
have concluded earlier that d(j' x , jy) — %9~ 1- ^o we have d(M) = d(9ilinF, 95l2n 
F) < d(9fiinF,7^) + d(7^,7^) + d(7^,a0 2 nF) < /iT+(2 3 -l) + F = 2K+2g-l. 

If Mj is a twisted /-bundle, then it is possible that X = Mi or Y = A/2 is a 
twisted /-bundle. In this case, we can replace dflj (~l F by the annulus complex 
Af(Mj) in the argument above. We can apply Lemma [3.81 instead of Lemma |3~T1 
and get the same inequalities on d(M). 

Therefore, if d(M) is sufficiently large, we get a contradiction and this means 
that F must be parallel to some incompressible surface F; in the untelescoping and 
Theorem 1 1 . 51 holds in the case that both Mi and M2 have incompressible boundary. 



5. Case II: The amalgamation surface F is compressible on both sides 

The case that both Mi and M2 have compressible boundary in Theorem 11.51 
basically follows from a theorem of Scharlemann and Tomova [2 6) and a theorem 
of Hartshorn [6] , also see [12] . 

Let T>i be the disk complex of Mj (i = 1,2). Recall that in this case d(M) is 
defined to be d(T>i,T>2). We may assume d(T>i,T>2) > 2 which implies that F is 
strongly irreducible in M. By Casson-Gordon [5] and Haken's lemma [3], this also 
implies that M = Mi Uf M2 is irreducible and d- irreducible and M is not S 3 . 
Hence Theorem 11.21 holds in this case. 

Next we suppose d(M) > 2g. Let S be an unstabilized Heegaard surface of 
genus g. As in Theorem ll.41 the untelescoping of the Heegaard splitting [24] gives 
a decomposition M = Nq Uf 1 Ni Uf 2 ■ ■ • Uf m N m , where each Ft is incompressible 
in M and g(Fi) < g. By Hartshorn's theorem [6], see [12] for another proof, either 
Fi n F = after isotopy or d(M) = d(V ll V 2 ) < 2g{F l ) < 2g for each i. Since 
d(M) > 2g, we may assume F C int(iVfc) for some k. Without loss of generality, 
we suppose Nk is connected. As in Theorem II. 4[ there is a strongly irreducible 
Heegaard surface Pk of the 3-manifold N^ and g(Pk) < .<?■ 

Let Qj (j = 1,2) be the surface obtained by maximally compressing F in Mj 
and removing all resulting 2-sphere components. We may assume Qj C int (Mj), 
Q\ U Q2 bounds a submanifold Mp in M, and F is a strongly irreducible Heegaard 
surface of Mp. Since F c int(iVfc) and dNk is incompressible in M, any compressing 
disk for F can be isotoped into Nk- So after isotopy, we may assume Mp c Nk- 
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Since Pk is strongly irreducible, a theorem of Scharlemann and Tomova |26] says 
that either d(T>i,T> 2 ) < 2g(Pk) < 2g, or F and Pk are well-separated, or F and Pfc 
are parallel. 

Next we show that F and Pk are not well-separated. Suppose on the contrary 
that they are well-separated, i.e., Mp can be isotoped disjoint from Nk- Let M' F be 
a submanifold of M that is isotopic to Mp and disjoint from Nk- Since Mp C Nk 
and Mp n 7V fe = 0, M F is disjoint from Mp. Recall that M = Mi Up M 2 is an 
amalgamation of Mi and M 2 along F, so M' F lies in either int(Mi) or mt(Ma). 
Without loss of generality, suppose M' F C int(Mi). By our construction of Mp, 
the surface Q 2 C dMp lies in M 2 . Let Y be a component of Q 2 and let V be the 
component of dM' F isotopic to Y . Y and Y' are two-sided, incompressible, disjoint 
and isotopic surfaces in M, so Y U Y' bounds a product region Y x 7 in M (one 
can see this easily after lifting Y and Y' to the covering space of M corresponding 
to 7Ti(Y)). Since Y C int(M 2 ) and Y' C dM' F C int(Mi), the product region 
Y x I must contain the amalgamation surface F. Moreover, since Y and Y' are 
incompressible in M and F C K X 7, a compressing disk for F can be isotoped 
into Y x 7. Hence after isotopy, we may assume Mp lies in the production region 
y x 7. Each closed incompressible surface in the product Y x 7 is parallel to Y. 
This implies that Mp is isotopic to Y x 7 and F can be viewed as a Heegaard 
surface of Y x 7. By [55], Heegaard splittings of a product Y x I are standard and 
in particular the distance of the Heegaard splitting of Y x I along F is at most 
2. This contradicts our assumption that d(M) > 2g > 2. So F and Pk are not 
well-separated. 

So the theorem of Scharlemann and Tomova 26J implies that if d(M) > 2g, then 
F and Pk must be parallel. Therefore, Theorem 11.51 holds if both Mi and M 2 have 
compressible boundary, and in this case we may choose the bound K = 2g. 

6. Case III: The amalgamation surface F is compressible on one side 

In the next two sections, we suppose F is compressible in Mi but incompressible 
in M 2 . We denote the disk complex of Mi by 7J>i . 

Proposition 6.1. Let 7 be a nontrivial simple closed curve in F . Suppose 7 bounds 
an embedded disk in M = Mi Up M 2 . Then d("/,T>i) < 1. 

Proof. Let D be the embedded disk bounded by 7 in M. We may assume that 
\D fl F\ is minimal among all disks bounded by 7 and transverse to F. Since F is 
incompressible in M 2 , if int(T>) fl F = then D must be a compressing disk of Mi 
andd(7,7>i) =0. 

Let 7' be a component of 7) fl F that is innermost in D and let (5 be the subdisk 
of D bounded by 7'. If 7' is a trivial curve in F, then a standard cutting and 
pasting yields a new disk bounded by 7 with fewer intersection curves with F. So 
5 must be a compressing disk in M\. Since 7) is embedded, 7 and 7' are disjoint in 
F. Therefore, d(7,£>i) < d(7,Y) < 1. □ 

Many parts of the proof of Theorem 1 1.51 in this case comes down to the situation 
that F lies in a submanifold M' of M with incompressible boundary, and we need 
to study how various surfaces intersect F. The following technical lemma deals 
with this situation and will be used in several places of the proof. The key point 
of Lemma RT2l is that the bound on the distance in Lemma HT2l depends on — x(F) 
not on — x{Pz) which can be large since F is compressible in M\, 
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Lemma 6.2. Let M' be a compact submanifold of M = MiUfMi with F C int(M') 
and suppose dM' is incompressible in M' . Let P be an orientable connected surface 
properly embedded in M' . Suppose P is either incompressible or strongly irreducible 
in M 1 , PDF ^ 0, and each component of PC\F is essential in F . Let M 2 = M 2 C\M' 
and Pi — P H M 2 . Suppose P2 is either incompressible or strongly irreducible in 
M 2 and Pi does not lie in a product neighborhood of F in M 2 . Then there is a 
surface Q obtained by some d -compressions on Pi in M 2 and removing all resulting 
d -parallel components, such that d(Q n F, (P D F) U T>\) < max{3 — x(-P), 2} and 
Q is either an essential or a strongly irreducible and d-strongly irreducible surface 
properly embedded in Mi- 
Proof. If Pi is incompressible in M 2 , then after performing some ^-compressions on 
Pi in Mi , we get a surface Q such that each component of Q is either essential or d- 
parallel in M 2 . Similarly, if Pi is strongly irreducible but not 9-strongly irreducible, 
as in Lemma 13.91 we can obtain a surface Q after some 9-compressions on Pi in 
M 2 such that each component of Q is either essential, or 9-parallel, or strongly 
irreducible and 9-strongly irreducible in M 2 . Since Pi does not lie in a product 
neighborhood of F, after discarding all the 9-parallel components, we get a surface 
Q which is either essential or strongly irreducible and 9-strongly irreducible in M 2 . 
As dPi fl F = P fl F, to prove the lemma, we need to study the distance between 
dPi and dQ in the curve complex C{F). 

The surface F is a boundary component of M 2 . Since we are only interested in 
how the curves in dPi n F change during ^-compressions, to simplify notation, we 
will assume that all the 9-compressions on Pi in the construction above occur at 
F, i.e., for any 9-compressing disk D for Pi, we assume D D dM 2 C F. 

A 9-compression on P 2 is basically the same as an isotopy that pushes the d- 
compressing disk into a product neighborhood of F. Thus we can find a product 
neighborhood F x / of F in M 2 and assume Q = Pi fl M 2 — (F x I). We denote 
F x {t} by Ft and suppose Fq = F C dM 2 . By the discussion after the proof of 
Lemma l3.9l we may describe each 9-compression using a saddle tangency in Ft DPi. 
In the proof of Lemma 1331 we have to simultaneously perform two ^-compressions, 
so we allow two saddle tangencies at the same level surface F t . Since Q is obtained 
by a sequence of 9-compressions and pushing away the 9-parallel components, we 
may assume that there are finitely many numbers = So < S\ < • • • < s& = 1, such 
that 

(1) Pi is transverse to each F Si , and each component of Pi fl F Si is essential in 
F Si , 

(2) for each i, there is one special component of P 2 n (F x [si,Sj+i]) that is 
transverse to every F t except for a singular level t t € (si,s;+i) where it is 
transverse to F ti except for one or two saddle tangencies, and 

(3) every other component of Pi n (F x [s,-,Sj+i]) is either a vertical annulus 
or a 9-parallel surface in F x [sj, Si+i] with boundary in F Si . 

Each saddle tangency in the special component in (2) corresponds to a 3-compression 
on Pi and the 9-parallcl components in (3) are the possible 9-parallel components 
after a 9-compression. Note that it is possible to have two saddle tangencies at the 
same level F ti because in the proof of Lemma 13.91 we have to simultaneously d- 
compressing the surface on both sides in order to obtain an incompressible surface, 
see the discussion after the proof of Lemma |3~9"1 We regard Q = PiC\M 2 — (F x I), 
so dQ c Fi U (dM^ - F ). 
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To simplify notation, we do not distinguish a nontrivial curve 7 in Ft from the 
vertex in C(F) representing 7r(7), where 7r : F x / — >■ F is the projection. Next we 
show that d(Q (~l F 1: (P n P ) U X»i) < max{3 - x(P),2}. The argument is similar 
to |T2l Claims 1 and 3 of Lemma 2.2]. 

We first point out a useful fact on curves in Pi n P Si . Let 7$ be any component 
of Pi n F Si and let Qi be the component of PiD(F x [sj_i, Sj] ) that contains ji . By 
our assumption on Pi n (P x [sj_i,s,-]) above, Qi is either a vertical annulus or a 
special component in (2) above. Since the saddle tangencies in a special component 
correspond to (^-compressions, dQt fl I^-i 7^ 0- Let 7;_i be a component of dQi (~l 
F Sil . By the discussion after the proof of Lemma 13.91 d(7;_i,7i) < i%i, where ni 
is the number of saddle tangencies in the special component of Pi (~l (F x [sj_i, Sj]) 
and n.j is either 1 or 2. Thus we can successively find a curve 7$ in each P2 H P Si 
such that d(7i_i,7j) < n.j for each z, where i%i = 1 or 2 is the number of saddle 
tangencies in the special component of PiP\ (F x [s,_i, s,]). 

We say a component 7 of Pi n F Sj is good if the component of P2 H (P X [s^, 1]), 
denoted by Q 7 , that contains 7 has a boundary component in Pi, i.e. Q 7 PI Fi =/= 0. 
Moreover, every component of P2 fl Pi = QC\ F\ is regarded as a good component. 
Let Ci be the set of good components of Pi n F Sj . As s k = 1, C/j = Q fl i^i. Since 
P2 does not lie in a product neighborhood of F in Mj, Ci ^ for all z. 

Suppose the lemma is not true and d(Q<~)Fi, (PP\Fo)UT>i) > 2. Since Sfc = 1 and 
C fc = QnFi, we have d(C k , (PnF )UT>i) > 2. As s = and P 2 nF So = PnP =5 C , 
we have d(Co, P fl F ) U Pi) = 0. Let m be the smallest number (1 < m < k) such 
that d(C m , (P fl F ) UDj) > 2. Since to is the smallest such number and m > 1, 
d(C m _i, (P fl Po) U 2?i) < 1. By the discussion after the proof of Lemma 13.91 
and as above, for any curves a and j3 in C m -\ and C m respectively, d(a,/3) is 
smaller than or equal to the number of saddle tangencies in the special component 
of P2 fl (P x [s m _i, s m ]) and d(a, /3) < 2. We may choose a to be the curve in C m _i 
realizing o!(a, (PnP )UPi) = d(C m _i, (PflF ) UDi). So d(a, (PnP ) UDi) < 1. 
Hence for any curve /3 in C m , d(/3, (PnP ) UX>i) < d(/3, a) + d(a, (P nP ) UX>i) < 
2 + 1 = 3. 

Let Q' be a component of P2 n (P x [s m , 1]) connecting P Sm and Pi, i.e. dQ' 
contains curves in both P Sm and F\. By the definition of Ci, dQ' fl P Sm C C m and 
dQ' n Pi C C fe . Since d(C m , (P n P ) U V x ) > 2, we have d(C m , V x ) > 2. Similarly, 
d(Ck,T>i) > 2 by our assumption. Hence d(dQ', T>\) > 2. This implies that dQ' are 
essential curves in P, to see this, if a curve 7 in dQ' is trivial in P, then 7 bounds a 
disk in P and by Proposition l6.11 d(dQ' , V\) < d(-f, V\) < 1, a contradiction. Thus 
Q' must be an essential subsurface of P, and P cannot be a 2-sphere or disk. In 
particular, x(P) < x(Q') < 0- 

Let r be the total number of saddle tangencies in those special components of 
Q' fl (P x [si, Si+i]), i — m, . . . ,k ~ 1. Note that we are only counting the saddle 
tangencies in Q' not all saddle tangencies. As dQ' C F Sm U P Sfc (s^ = 1), by our 
construction, — xiQ') — -T (note that this is an inequality because a component 
of Q' fl (P x [sj, Sj+i]) may be 9-parallel as in part (3) of our assumption above). 
Hence -x(P) > -x(Q') > T. 

Let 7fc be a component of dQ' DF Sk C C& = QflFi. Recall that in the argument 
earlier, we showed that we can successively find a curve 7, in each Q' n P Si (i = 
1, ...,k) such that gJ(7,_i,7j) < m for all i, where n, is the number of saddle 
tangencies in the special component of Q' (F x [sj_i, sj). Thus d(7 m , 7fe) < T < 
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~x(Q') < ~x(P)- Recall that we have concluded earlier that d(7 m , (Pni r o)U2?i) < 
3. Since Sk = 1 and 7& is a component of P2 fl F S)i = QflFi, we have 

d(Q n Fi, (p n F ) u ©0 < d( 7fc , 7m ) + d( 7m , (p n F ) u Pi) < r + 3 < 3 - X (P). 

n 

Corollary 6.3. There is a number K depending on A/2 such that if d(M) > K 
then M — M\ \Jp M2 is irreducible and d -irreducible. 

Proof. Suppose M is reducible or 9-reducible and let P be either an essential 2- 
sphere or a compressing disk in M. Since Mi is irreducible and 9A/j — F is incom- 
pressible in Mi for both i = 1,2, P Pi F ^ after any isotopy on P. If P n A/ 2 
is compressible in M2, then we can compress P fl A/2 and obtain a new essential 
2-sphere or compressing disk in M. So after finitely many such operations, we may 
assume Pfl A/2 is incompressible in Mi. Moreover, as in Lemma l6.2[ after pushing 
parts of P n M2 into M\ via ^-compressions, we may assume that Q = P n M2 is 
an essential planar surface in A/2. Since each component of dQ bounds a disk in 
P, by Proposition 16. 11 d(j,T>i) < 1 for each component 7 of dQ. 

If A/2 is not a twisted /-bundle, let f^ be the fixed essential surface in M2 
used in defining d(M) — d(T>i,dH,2 H F). Since Q is planar with all but at most 
one boundary component in F, by Lemma 13.71 there is a number K' depending 
on fi 2 such that d(<9S! 2 fl F, 7) < K', where 7 is a component of dQ. Hence 
d{M) = d{dn 2 n F,Vx) < d(dn 2 n F, 7) + d(n, V x ) < K' + 1. 

If M2 is a twisted /-bundle, then Q must be an essential annulus and hence 
d{M) = d{AM 2 ,'Di) < 1, where Am 2 is the annulus complex of the twisted /- 
bundle. 

Thus in any case, if d(M) > K' + 1, no essential 2-sphere or compressing disk P 
exists. □ 

Corollary 6.4. Let F' be the surface obtained by maximally compressing F in Mi 
and removing all resulting 2-sphere components. Suppose F' ^ 0. Then there is a 
number K depending on M2 such that if d{M) > K , F' is incompressible in M . 

Proof. We may assume that F' C int(Mi). By our construction, F' is incompress- 
ible in M\. Suppose F' is compressible in M and let D be a compressing disk. 
So D n F 7^ 0. As in Corollary 16.31 we may assume a component Q of D n A/2 
is essential in A/2. By Proposition 16.11 d(7,/?i) < 1 for each component 7 of 9Q. 
Now the proof is the same as the proof of Corollary 16. 31 □ 



Part (2) of Theorem 11.21 also follows from the arguments above. However, we 
also need the following theorem from |15j which says that a graph complement in 
S 3 always contains a nice planar surface. 

Lemma 6.5 (l!5j). Let T be any graph in S 3 . Then there is a planar surface P 
properly embedded in S 3 — N(T) such that all but at most one of the components of 
dP bound compressing disks in the handlebody N(T) and P is either 

(1) strongly irreducible and d-strongly irreducible, or 

(2) essential (possibly an essential disk), or 

(3) nonseparating and incompressible in S 3, — N(T). 
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Proof of Theorem M.SX If P is incompressible in both M\ and M<2, then Theorem ll.2l 
holds trivially. If P is compressible in both Mi and M2, then as in section[5j Casson- 
Gordon [5j implies that if d(M) > 2, then M is irreducible and <9-irreducible and 
M ^ 5 3 . Therefore we only need to consider the case that F is compressible on 
one side. Suppose F is compressible in Mi but incompressible in Mi. Part (1) of 
Theorcm ll.2l in this case is proved in Corollarv l6.31 Suppose part (2) of Theorem ll.2l 
fails and M = S 3 . 

Since M — S 3 does not contain an incompressible surface, by Corollary 16.41 if 
d(M) is sufficiently large, we may suppose F' = and Mi must be a handlcbody. 
We may view Mi as a neighborhood of a graph in M = S 3 . So there is a planar 
surface P properly embedded in M2 as in Lemma 16.51 As F is incompressible in 
M2, P is not a compressing disk in M2 and hence a component of dP bounds a 
compressing disk in Mi and d{T>i,dP) = 0. 

If P is nonseparating and incompressible as in part (3) of Lemma 16.51 then 
one can perform some 9-compressions and obtains an essential planar surface Q. 
Moreover, by Lemma f3.6( d(dP, dQ) < max{l, Ag + 26 — 2} = 1 since g = and 
b = in this case. Since d(T>i,dP) = 0, this means that d(T>i, dQ) < 2. Thus in any 
of the 3 possibilities of Lemma l6.5( we have a planar surface Q in M2 that is either 
essential or strongly irreducible and 9-strongly irreducible such that d(T>i, dQ) < 2. 

Since M = S 3 , M^ cannot be a twisted /-bundle. Let f^ be the fixed essential 
surface in Mi used in defining d(M). Since Q is planar, by Lemma 13.71 there 
is a number K' depending on 17(^2) such that d(dH,2 H F, 7) < K', where 7 is a 
component of dQ. Hence d(M) = d{dn 2 C\F,Vi) < d(dfl 2 nF, j)+d(j, V x ) < K'+2. 
Thus if d(M) > K' + 2, M £ S 3 . a 

In the remainder of the paper, we assume M is not S 3 and hence our Heegaard 
surfaces are not S 2 . 

Lemma 6.6. For any g > 1, there is a number K depending only on M2 and g, 
such that if d{M) > K then any closed orientable incompressible surface in M of 
genus g can be isotoped disjoint from F. 

Proof. By Corollary |6.31 we may assume d(M) is so large that M is irreducible and 
^-irreducible. Let P be a closed orientable incompressible surface in M of genus g 
and suppose FflP^fl after any isotopy. 

Let D be a compressing disk for F in Mi . If P n D contains a closed curve, since 
P is incompressible, a standard isotopy on P can remove this intersection curve. 
Moreover, by shrinking D to be sufficiently small while fixing P, we can also isotope 
F to eliminate all the arcs in POD. Thus, after isotopy, we may assume PHD = 0. 
Since P is incompressible and M is irreducible, after isotopy, we may also assume 
every curve in P n F is essential in F. Since D n P = 0, for any component 7 of 
P n P, d(j, Vi) < d(7, 3D) < 1. 

Since P is incompressible in M and M is irreducible, after some isotopy, we may 
assume that PP\M 2 is incompressible in M 2 . Now we apply Lemma RT21 setting M', 
P and P2 in Lemma |6~21 to be M, P and PP\M2 above respectively. By Lemma RT21 
and since FP\P 7^ after any isotopy, there is an essential surface Q in M2 obtained 
by 9-compressing P n M 2 such that d(9Q, (P n P) U ©1) < 3 - x(P) = 2p + 1. For 
any component 7 of P n P, by our earlier assumption, d(7,2?i) < 1. This implies 
that d(dQ,Vi) < 2g + 2. Moreover, by our construction, the genus of Q is at most 
9- 
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If M 2 is a twisted /-bundle, then Q must be an essential annulus and hence 
d(M) = d(AM 2 ,T^i) < d(dQ,T>i) < 2g + 2, where Am 2 is the annulus complex of 
the twisted /-bundle. 

If M 2 is not a twisted /-bundle, let H, 2 be the fixed essential surface in M 2 used 
in defining d(M) — d(T>i,dfl 2 f~l F). Since g(Q) < g, by Lemma [3.71 there is a 
number K' depending on f^ and g, such that d(dVt 2 (~l F, dQ) < K' . Hence we can 
find a component 7q of dQ such that d(M) = d(dQz H F, Pi) < d{dVl 2 fl F, 7q) + 
d( 7Q , X>i) < F' + 2 5 + 2. Thus if d(M) > F' + 2 5 + 2, P n F = after isotopy. D 

Let S be an unstabilized Heegaard surface of genus g. As in Theorem ll.4[ the un- 
telescoping of the Heegaard splitting [24] gives a decomposition M = N (Jp 1 Ni Up 2 
• • • Up m N m , where each Ft is incompressible in M and g(Fi) < g. By Lemma T6. 61 
we may assume d(M) is so large that each F, is disjoint from F after some isotopy. 
Thus we may assume F C Nj for some j. Without loss of generality, we may sup- 
pose Nj is connected. Now we consider the strongly irreducible Heegaard surface 
Pj of Nj in the untelescoping construction. Let X and Y be the two compression 
bodies in the Heegaard splitting of Nj along Pj. We have Pj = d+X = d+Y and 
9(Pj)<g. 

Let F' be the surface obtained by maximally compressing F in Mi and removing 
all resulting 2-sphere components. We may assume F' C int(Mi). Let Mp be the 
compression body bounded by F and F' in M\. If F' = then Mjr = Mi is a 
handlebody 

In the next two lemmas, we prove that if d(M) is sufficiently large, then F cannot 
lie in a product neighborhood of any incompressible surface Fi in the untelescoping. 

Lemma 6.7. Let E be an orientable incompressible closed surface in M and E x / 
a product neighborhood of E. Suppose A/2 C int(F x /), then d(M) < K for some 
K depending only on Mi- 
Proof. The hypothesis that M 2 C int(F x /) C int(M) implies that F C int(F x /) 
and 8M 2 = F (i.e. M 2 has no other boundary component). Since E is incompress- 
ible in M and F C int(F x /), every compressing disk for F can be isotoped into 
E x /. Thus, after isotopy, we may assume the compression body Mp described 
above lies in E x /. As M 2 C E x I and E x I ^ M, F' ^ 0. 

By our construction of Mp and since dM 2 = F, the submanifold M 2 U Mp of 
M is bounded by F'. The assumption above says that M 2 U Mj? C F x /. By 
Corollary 16.41 we may assume that d(M) is so large that F' is incompressible in 
M. This means that we have a connected submanifold M 2 U Mf of F x / bounded 
by the incompressible surface F'. As each component of a closed incompressible 
surface in E x / is parallel to E, the connected submanifold M 2 U Mp must be 
isotopic to E x / in E x /. Thus after isotopy, we may assume M2 U Mp = E x / 
and F' = F x 9/. 

The compression body Mf can be obtained by adding 1-handles to a small 
product neighborhood of F' = E x 9/. So there is a graph G properly embedded 
in E x / which corresponds to the 1-handles in Mp, such that after isotopy Mp = 
N(GU (F x 9/)), where N(GU (E x 9/)) is a regular neighborhood of GU (F x 9/) 
infix/ Hence we may view M2 = (ExI)-N(GLi(Exdl)). Since the compression 
body Mp is connected, the graph G connects the two components of F' — E x dl. 
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Our goal is to use the intersection of Mi with a vertical annulus in F x / to 
construct an essential surface in Mi, and then apply Lemma 13.71 We first show that 
a vertical annulus in E x I cannot be totally isotoped into Mp — N(G U (E x dl)). 

We claim that Mp = N(G U(£x dl)) does not contain a properly embedded 
incompressible annulus A whose two boundary circles lie in different components of 
F' = E x dl. As Mp — N(G U (E x 9/)), after some handle slides if necessary, we 
may assume that there is a point x in the graph G that separates F x dl in the sense 
that no component of G — x connects the two components of F' = E X 9/. This 
means that there is a compressing disk D for F in Mj? such that D is separating in 
Mp and the two components of F' lie in different components of Mp — D. Suppose 
there is a properly embedded annulus A described above. As 3D C F and dA C F', 
An9D = 0. This means that ADD (if not empty) consists of simple closed curves. 
Since A is incompressible, any curve in A n D must bound disks in both A and £>. 
Hence after some isotopies removing closed curves in AP\D that are trivial in both 
A and D, we have A n -D = 0. However, this is impossible since ^4 connects the 
two components of F' but the two components of F' lie in different components of 
M F - D. 

Let A be an essential vertical annulus in F x I. We may assume either AC\G = 
or j4 [~l G consists of a finite number of points in mt(A). Hence P — A — Mp is a 
planar surface properly embedded in Mi. After some standard cutting and pasting 
as in the proof of Corollary 16.31 we may assume P is incompressible in Mi. 

The conclusion earlier says Mp does not contain a properly embedded incom- 
pressible annulus whose two boundary circles lie in different components of F' = 
F x dl. So A cannot be isotoped totally into Mp and we cannot push P into Mp. 
This means that, after ^-compressions on P, we obtain an essential planar surface 
Q (Q 7^ 0) properly embedded in Mi. Since we can view a 9-compression on P as 
part of an isotopy on A pushing the 9-compressing disk into Mp, we may view Q 
as a possibly disconnected subsurface of A and Q = A n Mi . 

Next we show that there is a curve 7q C dQ such that d(jQ, T>\) < 1. Since F is 
incompressible in Mi, no component of Q is a disk. If a component of Q is not an 
essential subannulus of A, then there is a component 7q of <9Q that bounds a disk 
in A. By Proposition l6.il <i(7Q,2?i) < 1. If every component of Q is an essential 
subannulus of A, then every component of A — int(Q) is also an essential subannulus 
of A. Let A' be a component of A — int(Q) that contains a boundary circle of A. 
So A' is an annulus properly embedded in Mp with one component of dA' in 
F' = E x dl and the other component of dA' , denoted by jq, in dQ C F. Since 
dA is essential, j4' is incompressible in Mp. If A' is 9-compressible in Mp, then 
an essential arc of A' bounds a 9-compressing disk and hence has both endpoints 
in the same boundary component of Mp, which implies that dA' lies in the same 
boundary component of Mp. However, by our choice of A', one boundary circle of 
A' lies in F' — E x dl and the other boundary circle of A' lies in F. So A' must 
be (9-incompressible. Hence A' is an essential annulus in Mp. After some standard 
cutting and pasting, one can always find a compressing disk for F in Mp disjoint 
from any essential annulus in Mp. Thus d(^Q,T>i) < 1. Hence, in any case, there 
is a curve jq C dQ such that d{^fQ,T>i) < 1. 

Note that Mi cannot be a twisted /-bundle, since F x I does not contain any 
closed embedded non-orientable surface. Let Vti be the essential surface used in 
defining d(M). Since Q is a planar surface, by Lemma 13.71 there is a number K' 
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depending on g(Cl 2 ) such that d(dtt 2 n F,7q) < K' . Therefore d[M) = d(dn 2 D 
F,Di) < d{dn 2 n F,7q) + rf( 7Q ,Pi) < K' + 1. D 

Lemma 6.8. Lei E be a closed orientable incompressible surface of genus g in M. 
Then there is a number K depending only on g and M 2 such that if F lies in a 
product neighborhood of E in M, then d(M) < K. 

Proof. We may suppose E C int(M) (E may be parallel to a boundary component 
of M). Let E x I be a product neighborhood of E in int(M) and suppose F C 
int(F x I). By Lemma 16771 we may assume M 2 <£_ Ex I. So at least one component 
offix dl lies in M 2 . 

Since both M\ and M 2 are irreducible and M j^ S 3 , F does not lie in a 3-ball in 
E x I and hence we can find a vertical annulus A of E x I that cannot be isotoped 
disjoint from F. Let N — M 2 n (£7 x /) and P 2 = AnJV. Since at least one 
component of E x dl lies in M 2 , one or two components of dP 2 lie in E x 97. 

Let D be a compressing disk for F in Mi. Since E is incompressible in M and 
F C int(Fx/), D can be isotoped into Ex I. By shrinking D to be sufficiently small, 
we may assume F> n A = and hence dP 2 n <9F> = 0. This means that d(~f, T>\) < 1 
for any component 7 of dP 2 H F ~ An F. Moreover, since M is irreducible, after 
some standard cutting and pasting as in the proof of Corollary |6.31 we may assume 
that P 2 is incompressible in N. 

Note that dN consists of F and one or both components of fix dl. Moreover, a 
component of dP 2 lies in E x dl and this implies that P 2 is not totally in a product 
neighborhood of F in N. So we can apply Lemma [6.21 setting M', P and P 2 in 
Lemma 16.21 to be E x I, A and P 2 above respectively. After performing some d- 
compressions on P 2 in N, we obtain an essential surface Q such that QnF ^ and 
d(QC\F, (AnF)UVi) < 3-x(A) = 3. So there is a component 5 of QnF such that 
d(5, (AnF) UX»i) < 3. Since d(7, X»i) < 1 for any component 7 of 9P 2 nF = AnF, 
d(<5, 2?i) < 4 for some component <5 of Q fl F. 

If M 2 is a twisted /-bundle over a closed non-orientable surface, since a com- 
ponent of E x dl lies in M 2 and is incompressible in M 2 , E must be parallel to 
dM 2 = F. However, this contradicts that F is compressible in Mi but E is incom- 
pressible in M . Thus M 2 cannot be a twisted /-bundle. 

Let f2 2 be the surface in M 2 used in defining d{M) — d(T>\,dQ, 2 f~l F). Note that 
dN is incompressible in M 2 , since dN consists of F and one or both components of 
ExdI. So we may assume fl 2 !lN is an essential subsurface of f2 2 and — x(^ 2 f"W) < 
— x(J7 2 ). TV cannot be an /-bundle, since F C dN is compressible in M but 
cW — F C E x 9/ is incompressible in M. By our construction of P 2 and Q, Q is 
a planar surface in N with all but one or two boundary components in F. Thus 
by Lemma [3~71 d(dVl 2 C\ F,Q H F) < K' for some K' depending only on x(fi 2 ). 
Since d(<S,X>i) < 4 for some component (5 of Q n F, d(M) = d(<9£7 2 H F,Di) < 
d{dn 2 nF,6)+d{6 1 V 1 ) <K' + 5. D 



Let M = N Ufi -Ni Uf 2 • • ■ Uf m A^ m be the decomposition in Theorem l 1 .41 given by 
the untelescoping of an irreducible Heegaard splitting. Recall that by Lemma IrTBl 
we have assumed that F C int(Nj) for some j. In the next two lemmas, we discuss 
the case that F is also disjoint from the Heegaard surface Pj of Nj. 

Lemma 6.9. Let Nj be the submanifold of M between Fj and Fj + \ in the un- 
telescoping construction as above (we assume Nj is connected) , and let Pj be the 
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strongly irreducible Heegaard surface of Nj. Suppose F C int(iVj) and F n Pj = 0. 
Then there is a number K such that if d(M) > K, Pj C int(M2). 

Proof. Since Pj fl F = 0, Pj lies in either int(Mi) or int(M2). Suppose the lemma 
is not true and Pj C int(Mi). Let X and Y be the two compression bodies in the 
Heegaard splitting of Nj along Pj. We may suppose F C int(A) and let Z = XC\M\. 
Since F C int(X) and Pj C int(Mi), F and P,- are boundary components of Z. So 
we may view Z U Mi as a submanifold of M. By our construction, IcZU M2. 
Since Pj is compressible on both sides, there is a compressing disk D for Pj in 
IcZU M2. We claim that D can be isotoped into Z if d(M) is large. 

Suppose on the contrary that D cannot be isotoped into Z. So D n P 7^ after 
any isotopy on P/ and we may assume \D fl F\ is minimal in the isotopy class of 
D. Let Q be a component of D fl M 2 . Since P fl P ^ and |P fl P| is minimal, 
we may assume Q cannot be pushed into M\ and Q is incompressible in Mi after 
isotopy. As in the proofs of Corollary 16.31 and Corollary 16.41 we can perform some 
9-compressions on Q in Mi and obtain an essential planar surface Q' in M2. We 
may regard Q' as a subsurface of D. Since every component of dQ' bounds a disk 
in D, by Proposition l6.11 for any component 7 of dQ', d(fy, T>\) < 1. Now similar to 
the proofs of Corollary 16. 31 and Corollarv l6.4[ this implies that d(M) < K for some 
K depending only on M%- Thus if d(M) is sufficiently large, every compressing disk 
of Pj in Z U M2 can be isotoped into Z. 

Let VK be the surface obtained by maximally compressing Pj in Z and removing 
all resulting 2-sphere components. Since a maximal compression on Pj in X yields 
d-X, the conclusion above implies that W is parallel to d-X. This means that 
P must lie in a product region bounded by W and <9_X. Now Lemma T6 . 91 follows 
from Lemma 16.81 □ 



Lemma 6.10. Let Nj be the submanifold of A I between Fj and P/+i in the un- 
telescoping construction as above (we assume Nj is connected), and let Pj be the 
strongly irreducible Heegaard surface of Nj. Suppose F C int(iVj), P, C int(M2) 
and Pj is compressible on both sides in Mi . Then there is a number K such that, if 
d(M) > K , F is isotopic to a middle surface of a compression body in the Heegaard 
splitting along Pj (see Definition \1.3\) . 

Proof. Let X and Y be the two compression bodies in the Heegaard splitting of Nj 
along Pj. As Pj C int(M 2 ), FC\Pj = 0. Since P C hA(Nj) and FC\Pj = 0, we may 
suppose P C int(A). Let Z = X P\ Mi. So Pj and P are boundary components 
of Z. Since Pj is compressible on both sides in Mi, Pj is compressible in Z. Let 
P' be the surface obtained by maximally compressing Pj in Z and removing all 
resulting 2-sphere components. So P' is incompressible in Z . Since Pj is strongly 
irreducible, Casson-Gordon [3] implies that P' is also incompressible on the other 
side. Hence P' is incompressible in Mi. 

Let N be the submanifold of Z between P and P'. So dN is incompressible 
in Mi If N is an /-bundle (i.e., if P is parallel to a component of P'), then by 
our construction, P is a middle surface of the compression body X and the lemma 
holds. Next we suppose N is not an /-bundle. 

If P' is parallel to d-X , then by our construction, P lies in the product region 
bounded by P' and d-X. By Lemma [6751 we may suppose d(M) is so large that 
P does not lie in a product neighborhood of d-X. Thus we may assume P' is not 
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parallel to d-X, and this means that P' must be compressible in X but incom- 
pressible in Z. Let D be a compressing disk for P' in X. By the construction of 
P', D fl F ^ after any isotopy on D. Let Q be the component of D 17 iV that 
contains 9.D. After isotopy, we may assume Q is an essential surface in N . Note 
that one component of dQ (i.e., 3D) lies in P' and all other components of dQ lie 
in F. Moreover, Qp\F = dQ — dD ^ and every curve of Q 17 F bounds a subdisk 
of D. By Proposition 16. 11 d(X>i, 7) < 1 for every component 7 of Q 7 F. 

Since P' is incompressible in M2 and F is not parallel to P', Mi cannot be 
a twisted /-bundle. Let H,i be the fixed essential surface in Mi used in defining 
d(M) = d(Vi, diliDF). Since P' is incompressible in M2, we may assume fl' = f^H 
iV is an essential subsurface of SI2 and £7' is essential in N. Thus — x(O') < — x(^2)- 

By Lemma 13. 7[ there is a number if depending on x(^2) such that <i(<5 fl 
F,dn' n F) < X'. Let 7 be a component of Q (7 F realizing d(~f,dtt' (7 F) = 
d(Q n F, SO' 7 F). Since cW 7 F = <9n 2 n F and d(2?i, 7) < 1 for every 7 in Q 7 F, 
d(M) = d(Di, dft 2 n F) < d(2?i, 7) + dfr, dn 2 DF)<l + K' . D 

Lemma 16.91 and Lemma 16.101 say that if F C Nj and F 17 Pj — 0, then either 
Theorem II .51 holds, or (1) Pj lies in Mi and (2) Pj cannot be compressible on both 
sides in M%. 

7. Intersection of F with sweepout surfaces 

Let M = Mi Up Mi be as in section [6] and S an unstabilized genus g Heegaard 
surface of M. As in Theorem HH let M = N Q U Fl iVi Uf 2 • • • U Fm A^m be the 
decomposition given by the untelescoping of S, where each Fj is incompressible in 
M. By Lemma T6.61 we may assume that d(M) is so large that each Fj is disjoint 
from F. Suppose F C int(Aj). Without loss of generality, we may assume Nj is 
connected. Let Pi = P be the strongly irreducible Heegaard surface of Ni in the 
untelescoping. 

Let F' be the surface obtained by maximally compressing F in M\ and deleting 
all the resulting 2-sphere components. We consider the compression body Mp 
bounded by F' and F. So d+M F = F and d_M F = F' . Since F C int(JVj-) and 
dNj is incompressible in M, every compressing disk of F in M\ can be isotoped 
into Nj. Thus we may assume Mp C int(Aj). 

Let X and Y" be the two compression bodies in the Heegaard splitting of Nj along 
Pj = P. Let graphs Gx and Gy be the cores of the compression bodies X and Y 
respectively, T, x = G x U 9_X and Ey = Gy U <9-F, such that Nj - (Ex U Ey) = 
F x (0,1). We consider the sweepout / : P x I — > JVj such that /|px(o,i) i s an 
embedding, f(P x {0}) = E x and /(P x {1}) = Ey. We denote /(P x {<}) by P*. 
Each P* is isotopic to F, = P if i e (0, 1). 

Similarly, let graph G F be the core of the compression body Mp and T,p = 
Gp U F' such that M F — T,p = F x (0,1]. After isotopy, we may assume that 
the graphs Gx, Gy and Gp are pairwise disjoint in Nj. We may suppose F' is 
transverse to the graphs Gx and Gy and suppose F' is transverse to each P' 
except for finitely many levels £ where F' n P* contains exactly one center or saddle 
tangency. We may suppose Gf 17 P* consists of finitely many points for each t € I. 
Moreover, we may suppose Mp is a small neighborhood of E F = GfUF' in iVj and 
suppose F is transverse to each P' except for finitely many levels t where F 17 P t 
contains exactly one center or saddle tangency. As Mp is a small neighborhood of 
T,p, F is transverse to the graphs Gx and Gy. 
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We use A to denote the union of dl — {0, 1} and the levels t E I where F is not 
transverse to P f . 

For any P* , i 6 (0, 1), we use X t (resp. Y t ) to denote the closure of the component 
of Nj — P* that contains Ex (resp. Ey). Recall that P — Pj is a Heegaard surface 
of Nj and P* is parallel to P. So if i G (0, 1), X t and Y t are the two compression 
bodies corresponding to X and Y respectively. 

Labelling. A number t E I — A is labelled X (resp. Y) if, there is an essential 
curve 7 in P* such that 

(1) 7 bounds a compressing disk in X t (resp. Y t ) and 

(2) 7 C M-2 and 7 bounds an embedded disk D in M2 that is transverse to P*. 
This is a labelling for all t e J — A and we do not assign any label for t if F is 
tangent to P*. 

Remark 7.1. The graph G_f can be viewed as the core of the 1-handles attached 
to (a product neighborhood of) F' = d-Mp in the compression body Mp. Recall 
that we have assumed Mp is a small neighborhood of F' U Gf and F is a boundary 
component of this small neighborhood. For any point t ^ A, since we have assumed 
that P* intersects the graph Gp in finitely many points and since Mp is a small 
neighborhood of F' U Gp, one can always find a compressing disk (which can be 
chosen to be a cocore of the 1-handles corresponding to some point in Gp — P l ) 
for F in Mp that is disjoint from P . Thus d{^,T>i) < 1 for any component 7 of 
F n P* that is essential in P. 



Theorem 11.51 follows from the following 4 claims. 

Claim 1. There is a number K\ such that if d(M) > K\, then for a sufficiently 
small e > 0, e is labelled X and 1 — e is labelled Y . 



Proof. Suppose d{M) is larger than the constant K in Lemma \G. 9 1 

Since the compression body Mp lies in Nj, F is disjoint from dNj = d-XUd-Y. 
The graph Gx cannot totally lie in Mi, because otherwise P e lies in Mi for a 
sufficiently small e, contradicting Lemma [6791 Thus Gx Hint (Ma) ^ and X e must 
have a compressing disk D lying in M2. Hence e is labelled X . 

We can apply the same argument to Gy and conclude that 1 — e is labelled Y 
for sufficiently small e. □ 

Claim 2. There is a number Ki such that if d(M) > i^2, then every t £ I — h. has 
a label X or Y". 

Proof. Suppose on the contrary that some tGl — A has no label. We assume d(M) 
is larger than the constant K in Lemma 16.91 

Let P2 = P t n M2. By Lemma T6.91 P2 7^ 0. Our goal is to use P2 to construct 
an incompressible surface in M2 and then apply the inequalities in Lemma l6.2l and 
Lemma 13771 to get a bound on the distance d(M). 

We first suppose P2 is compressible in M2 and let D be a compressing disk for 
P2 in M2. Since t is not labelled, D cannot be a compressing disk for P* and dD 
must be trivial in P l but essential in P2. We compress P* along D and delete the 
resulting 2-sphere component. Let P' be the remaining surface after this operation. 
Since M is irreducible, P' is isotopic to P*. Suppose P' (~l M 2 is still compressible 
in M2 and let D' be a compressing disk of P' (~l M-2 in M2. Suppose dD' is essential 
in P'. Since D' n P' = dD', by the operation above and after a slight perturbation 
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on D' if necessary, we may view 3D' as an essential curve in P* bounding an 
embedded disk D' C M 2 . Since D' may intersect the 2-sphere component that we 
eliminated in the operation above, 'mt(D') R P* may not be empty. Nonetheless, 
since 3D' is essential in P*, by Scharlemann's no- nesting lemma [2TJ Lemma 2.2], 
3D' bounds a compressing disk for P* in X t or Y t . This means that t is labelled 
X or Y, contradicting our hypothesis. Thus 3D' must also be trivial in P' and we 
can perform the same operation on P', i.e. compress P' along D' and remove the 
resulting 2-sphere component. 

After finitely many such operations, we may assume that P2 = P* n M 2 is 
incompressible in M 2 . If P* n F = 0, then by Lemma 16.91 P* C int(M2) and 
P2 = P*. However, since P' is separating in iV} and compressible on both sides, 
P2 = P must be compressible in M2, a contradiction to our assumption on P 2 . 
Thus P* n F ^ 0. 

By Lemma 16.91 P2 does not lie in a product neighborhood of F (otherwise P2 
and hence P t can be isotoped into Mi). So after some 9-compressions on P%, we 
get an essential surface Q properly embedded in M 2 . Now we apply Lemma 16.21 
setting ill 7 , P and P2 in Lemma [6.21 to be Nj, P* and P2 above respectively, and 
get d(3Q, (P* n F) U Di) < 3 - x(P*) < 2p + 1. By Remark EU d(a, 2>i) < 1 for 
every component a of P* n P. Hence, d(3Q,T>i) < 2g + 2. 

If M2 is a twisted /-bundle, then Q must be a vertical annulus. Hence d(M) < 
d(3Q,T>i) <2g + 2. 

If M2 is not a twisted /-bundle, let Sl 2 be the fixed essential surface used in 
defining d(M). As the genus of Q is at most g, by Lemma 13.7) there is a K' 
depending on fi 2 and g, such that d{3VL 2 H P, 9Q) < if'. Since d(<9Q, Pi) < 2g + 2, 
this means that d(M) = d(n 2 nF, V x ) < d(dn 2 nF, 3Q) + l+d(3Q, T> x ) < K'+2g+3. 

Therefore if d(M) is sufficiently large, every t € I — A has a label. □ 



Claim 3. If some t G / — A is labelled both X and Y, then Theorem 11.51 holds 



Proof. In this claim, we assume d(M) is larger than the constants K in Lemma [6791 
and Lemma EHOl 

Let D be an embedded disk in M 2 transverse to P* with 3D C P* (~l M 2 . We call 
P/ an almost compressing disk for A t (resp. Yt) if 9P bounds a compressing disk 
in X t (resp. Y t ). 

Suppose t G / — A is labelled both X and Y. Then by definition, M 2 contains 
almost compressing disks Dx and Dy for X t and Yj respectively. Since P* is 
strongly irreducible, 9Px H 9Py 7^ 0. 

Let P 2 = P* n il/ 2 . Similar to the proof of Claim [2 our goal is to use P2 to 
construct either an incompressible or a strongly irreducible surface in M 2l and then 
apply the inequalities in Lemma 16.21 and Lcmma l3.7l to get a bound on the distance 
d(M). Although P* is strongly irreducible in M, P 2 may not be strongly irreducible 
in M 2 because the boundary curve of a compressing disk for P2 in M 2 may be a 
trivial curve in P*. So we need to perform some operations on P2 first. 

Let A be a compressing disk for P2 in M 2 . We say A is a trivial compressing 
disk if 3 A is essential in P2 but trivial in P , Suppose a trivial compressing disk 
A lies in X t fl M 2 and there is an almost compressing disk Dy for Y t such that 
3Dy n 3 A = 0. Then we can compress P* along A and delete the resulting 2- 
sphere component. As in Claim [2 the remaining surface P' is isotopic to P . Since 
3Dy n 3 A = 0, 3Dy G P' and Dy remains an almost compressing disk for P' . 
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For any almost compressing disk Dx for Xt, if a component 7 of int(Dx) fl P* is 
essential in P*, then by Scharlemann's no- nesting lemma [2TJ Lemma 2.2], 7 must 
bound a compressing disk for P . Since P is strongly irreducible and 9Z?x bounds 
a compressing disk in X t , the subdisk of £>x bounded by 7 must also be an almost 
compressing disk for X t . Thus we may choose an almost compressing disk Dx for 
Xt so that every component of int(Dx) D P* is trivial in P*. Since dDx bounds 
a compressing disk in X t , this implies that a small neighborhood of dDx in -Dx 
lies in X t . Now we consider Dx H A, where A is the trivial compressing disk in 
X( fl M2 above. If Dx fl A ^ 0, similar to the proof of Lemma 13.41 we can push 
the arcs in Dx fl A across A. More specifically, we may suppose Dx (~l A does not 
contain any closed curve and let a be an arc in Dx D A that is outermost in A. 
Then a and a subarc of dA bound a subdisk 25 of A and int(2?) n Dx = 0- Since 
a small neighborhood of dDx in Dx lies in Xt and A C I(, we have E fl Dx = a. 
So, similar to the proof of Lemma 13.41 we can perform an isotopy by pushing a 
and Dx across E to eliminate a. After the operation pushing Dx across E above, 
Dx becomes either one or two disks depending on whether or not both endpoints 
of a lie in dDx- Since dDx is essential in P* and each component of int(Dx) fl P' 
is trivial in P , after the operation, the boundary curve of at least one resulting 
disk is essential in P*. Hence after the operation pushing Dx across E above, we 
obtain a new almost compressing disk for X t with fewer intersection arcs with A. 
After finitely many these operations, we can construct an almost compressing disk 
D' x (for X t ) that is disjoint from A. 

The arguments above say that if there is a trivial compressing disk A in X t fl M2 
such that <9A n dDy — for some almost compressing disk Dy for Y t , then after 
compressing P* along A and deleting the 2-sphere component, the resulting surface 
still has two almost compressing disks for X t and Y t respectively. Therefore, after 
finitely many such operations on trivial compressing disks as above, we may assume 
that for each trivial compressing disk A, if A C Xt then d A n dDy ^ for every 
almost compressing disk Dy for Y t , and if A C Ft then dA n dDx ^ for every 
almost compressing disk Dx for X t . Note that this implies that every curve of 
P'nF must be essential in F, because otherwise the subdisk of F bounded by an 
innermost such curve is either a trivial compressing disk disjoint from all almost 
compressing disks, or a compressing disk of X t (resp. Y t ) disjoint from an almost 
compressing disk Dy (resp. Dx), which contradicts that P* is strongly irreducible. 

Next we show that P2 = P* fl M% has compressing disks in both X t fl M2 and 
Y t n M2. Suppose Pi does not have any compressing disk lying in X t fl M2. Let 
Dx be an almost compressing disk for X t and we may assume |int(Z?x) H P \ is 
minimal among all almost compressing disks for X t . If int(Dx) C\ P f = 0, then 
Dx is a compressing disk for P2 lying in X t fl M2, contradicting our assumption. 
So we may suppose int(Dx) C] P l ^ 0- Let 7 be an innermost component of 
int(Dx) n P* and let d 7 be the subdisk of Dx bounded by 7. If 7 is trivial in P 2 , 
then we can perform a simple isotopy on Dx to remove 7 and get a contradiction 
to the minimality assumption of \mt(Dx) H P |. Thus 7 is essential in P2 and d 7 
is a compressing disk for P2. Since we have assumed that P2 does not have any 
compressing disk lying in X t fl M2, d 7 C Y t n M^. If 7 is also essential in P', then 
d 7 is a compressing disk for P* in Y t . However, since dDx bounds a compressing 
disk for P* in A t and jOdDx — 0, this contradicts that P' is strongly irreducible. 
Hence 7 must be trivial in P* and cL is a trivial compressing disk for P2 in Y tl 
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but this contradicts our earlier assumption that every trivial compressing disk in Yt 
intersects every almost compressing disk for Xt because 7 f~l dDx = 0- Therefore, 
P 2 = P f n M 2 must have compressing disks in both X t n Mi and Yt (~l M2 . 

Suppose P2 is not strongly irreducible in M2. Then there are compressing disks 
A x and Ay for P 2 in M 2 such that A x C X t and Ay C Y t and dA x n 9 Ay = 0. 
By our assumptions above, both Ax and Ay must be trivial compressing disks. 
Now we compress P along Ax and Ay simultaneously and delete the two resulting 
2-sphere components. The remaining surface P' is isotopic to P*. Suppose P' DM2 
has an almost compressing disk D'. As in Claim[2J after some perturbation, we may 
view dD' as an essential curve in P* and view D' as an almost compressing disk of 
P2. However, since D'nAx = and D'f] Ay = after isotopy, this contradicts our 
earlier assumption that every trivial compressing disk must intersect every almost 
compressing disk on the other side. So P' does not have any almost compressing 
disk in M%, and this implies that every compressing disk of P'flMg in M2 is a trivial 
compressing disk for P'. We can compress P' along each trivial compressing disk 
of P' n M<x in M2 and delete the resulting 2-sphere component. By the argument 
above, the resulting surface does not have any almost compressing disk in M2 
neither. Therefore, after finitely many such operations, we obtain a surface P" 
isotopic to P* and P" (~l M2 is incompressible in M2 ■ 

The arguments above imply that, after some isotopies/operations on P* de- 
scribed above, we may assume that P2 = P* fl A'h is either strongly irreducible or 
incompressible in M^- If P* HP = after the operations above, then by Lemma [6791 
P* C vc&,{M<z) and hence P2 — P l . Since P* is separating in Nj and compressible 
on both sides, P* fl F — implies that P2 = P* cannot be incompressible in M<z. 
Hence P2 = P l is strongly irreducible and in particular P2 is compressible on both 
sides in M%. In this case, by Lemma [6.101 F is isotopic to a middle surface of the 
compression body X 1 or Y t and Theorem 11.51 holds . 

Suppose Theorem 11.51 fails, then the argument above implies that P* fl F / 0. 

By Lemma 16. 9[ P2 does not lie in a product neighborhood of F (otherwise P2 
and hence P* can be isotoped into Mi). As P2 is either strongly irreducible or 
incompressible in M2, Claim [3] basically follows from Lemma \6. 2 1 By Lemma [6.21 
(setting M', P and P2 in Lemma [6?2l to be Nj, P l and P2 above respectively), we can 
perform some <9-comprcssions on P2 in M2 and obtain a surface Q which is either 
essential or strongly irreducible and 9-strongly irreducible, such that d(dQ, (P* fl 
F) U Di) < 3 - x(P*) <2g + l. By Remark [77T1 d(a, V x ) < 1 for every component 
a of P t n P. Hence, d(dQ, V x ) < 2g + 2. 

Suppose M2 is not a twisted /-bundle and let f^2 be the essential surface used 
in defining d(M). As the genus g(Q) < g, by Lemma [3.71 there is a number K 1 
depending on fl 2 and g such that d(dfl 2 H P,9Q) < if'. Thus d(M) = d(50 2 n 
P, Di) < d(^ 2 n P, dQ) + 1 + d(o»Q, V x ) < K' + 2g + 3. 

If M2 is a twisted /-bundle, then we can apply Lemma 13 .81 instead of Lemma [377] 
in the argument above and get the same inequality. 

Therefore, if d(M) is sufficiently large and some t G I — A is labelled both X 
and Y , P must be isotopic to a middle surface in X or Y as in Lemma 16.101 and 
Theorem O holds. □ 



Claim 4. Suppose every t G / — A is labelled, then Theorem 1 1 . 5 1 holds . 

Proof. By Claim[3j we may assume that no t is labelled both X and Y. By ClaimUJ 
as t increases from e to 1 — e, its label changes from X to Y. As i G / — A is labelled, 
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then there is a number to € A such that to — e is labelled X and to + e is labelled Y 
for sufficiently small e > 0. Since to £ A, F PI P*° contains a single tangency. Since 
to — e and to + e have different labels, the tangency in F n P*° must be a saddle 
tangency. 

Let F x J be a small product neighborhood of F in M, where J is a closed 
interval, and let F + and F~ be the two components of F x d J. F + and F~ are 
parallel and close to F but lie on different sides of F, By considering how the 
intersection curves change near a saddle tangency, it is easy to see that, we may 
choose F + and F~ so that, for a sufficiently small e, the intersection patterns of 
p± p| pt an( j p p pt ±e are j. k e sam e. In fact, we may assume F + U P to and 
F _ U P'° are isotopic to F U P' 0+e and F U P*°~ £ in M respectively. 

Let Mi and Mj 1 be components of the closure of M — F ± corresponding to Mi 
and M2 respectively. There are two subcases depending on whether F ± lies in Mi 
or M 2 . 

The first subcase is that F~ C int(Mi) and F + C intfMa). In this subcase 
M{~ C int(M ] f ) and M^ C int(M^"). Since to— e is labelled X and since intersection 
pattern of F~ n P'° is the same as F n P'°~ e , there is a curve 7x in P'° H Mj" 
such that (1) 7x bounds a compressing disk in X t[) , and (2) jx bounds an almost 
compressing disk Dx in M% ■ Similarly, since to + e is labelled Y, there is a curve jy 
in P*° nM 2 + such that (1) jy bounds a compressing disk in Y tol and (2) jy bounds 
an almost compressing disk Dy in M% ■ Since M^ C int(M^~), Dy C M^ C M^~. 
So both D x and Dy lie in M 2 ~. As F~ UP' and FUP' 0_e are isotopic in M, there 
are a pair of almost compressing disks F/^- and D' Y for P*o-« m ^f 2 corresponding 
to Dj and Dy. This means that to — e is labelled both X and Y. Now Theorem ll.5l 
follows from Claim [31 

The second subcase is that F + C int(Mi) and F~ C int(M2). This subcase is 
basically the same as the first one. One can simply interchange all the plus and 
minus signs and interchange all the labels X and Y in the proof above for the first 
subcase to conclude that to + e is labelled both X and Y. By Claim [3l Theorem 1 1.51 
holds. □ 
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